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Abstract

This paperdescribesa finite volumemethodfor modelingelectricalactivationin

a sampleof cardiactissueusingthebidomainequations.Microstructuralfeatures

to the level of cleavageplanesbetweensheetsof myocardialfibresin the tissue

areexplicitly represented.Thekey featuresof this implementationcomparedto

previousmodelingarethatit is designedto representphysicaldiscontinuitieswith

no volumein theintracellulardomainandto provide linearsystemsof equations

thatarecomputationallyefficient to constructandsolve. Resultsobtainedusing

this methodhighlight how the understandingof discontinuousactivation in car-

diac tissuecanform a basisfor betterunderstandingdefibrillationprocessesand

experimentalrecordings.

Key Terms

Bidomain Equations,Numerical Simulation, ComputationalEfficiency, Tissue

Microstructure,CleavagePlanes,Shock,Bipolar Stimulus,ActivationTimes.
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1 Introduction

Most computermodelsof cardiacelectricalactivationhaveassumedthatthemy-

ocardiumis acontinuum,andthatactivationpropagatesmostrapidly in thedirec-

tion of thelocalmyofiberaxisandwith equalvelocity in theplanetransverseto it.

Theseassumptionsof structuralcontinuity andelectricaltransverseisotropy are

at oddswith observationsof myocardialarchitectureover a periodof morethan

twenty years.Microscopicstudies3, 23 have shown that ventricularmyocytesare

arrangedin discretebundlesseparatedby cleavageplanesor collagenousseptae.

It hasalsobeendemonstratedthat ventricularmyocardiumshouldbe viewed as

anorderednetwork of interconnectedmusclelayers23,7, 12,18 thathaveapredomi-

nantlyradialorientationin apex-basetransmuralsections.7, 12, 18,41, 4

Thereis strongevidencethatdiscontinousmyocyte organizationsignificantly

affectspropagationvelocity andthesafetyof conductionin two-dimensionaltis-

suepreparations.30,25,16 Moreover, it acknowledgedthatdefibrillatingshockswould

not producecardioversionif themyocardiumbehavedasa continuumandstruc-

tural discontinuityhasalso beenevoked to explain the myocardialresponseto

high voltageshocks.15, 37, 6, 38,20 Theseissueswereaddressedin a computational

study in which a bidomainmodelof electricalpropagationwassolved in a dis-

continuousdomainthat accuratelyrepresentedthe transmuralmicrostructureof

the left ventricularfree wall.11 It wasconcludedthat the laminararchitectureof

themyocardiumwould give rise to orthotropicelectricalpropertiesuniquelyde-

terminedby local microstructure,andthat interlaminarclefts betweenlayersof

myocytes could provide a substratefor bulk activation of the ventriclesduring

defibrillation.
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A numberof limitationscanbeidentifiedin relationto thefinite elementbased

modelingstudypresentedby Hooksandco-workers.11 Thesimulationwascarried

out usinga tissuesegmentof relatively smalldimensions.In orderto investigate

theextentto whichstructuraldiscontinuitymaycontributeto re-entrantelectrical

activation it will benecessaryto solve a full ionic currentmodelin an extended

discontinuousdomain. This would imposesubstantialcomputationaloverheads

if the finite elementformulationusedinitially were to be preserved. A further

concernis that this formulation potentially overstatesthe volume occupiedby

cleavageplanesandit is uncertainwhetherthis impactson the resultsthat have

beenobtainedusingthis method.

Finite volumemethodshave beendevelopedandusedby Harrild et al.8, 9 and

Penlandet al.21 to solve the bidomainequationsin complex threedimensional

structures. In this paperwe report on the developmentof a new finite volume

methodfor modelingelectricalactivationin discontinuouscardiactissue.

The finite volumeparadigmin the context of explicit modelingof cleavage

planeswill be shown to have an advantageover the previously usedfinite ele-

ment formuationin that cleavageplanescanbe representedasno-volumeenti-

ties in the finite volumediscretisation.A finite volumeformulationalsoallows

the resistanceof the intercellularclefts to intracellularcurrentflux to be varied.

The methoddevelopedherehascomputationaladvantagesover a traditional fi-

nite elementmethodandotherfinite volumemethodswhenmodelinganisotropic

conductionof electricalactivation.Theutility of this new finite volumeapproach

hasbeenassessedby comparingmodelingresultswith thosealreadyobtainedby

Hooksandcolleagues11 usingthefinite elementmethodandBuistandcolleagues2

usinga finite differencebasedmethod.This providesanobjective basisfor vali-
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datingresultsobtainedusingbothapproachesandfor quantifyingtheadvantages

of thefinite volumemethod.

2 Methods

2.1 Continuous and Discrete Forms of the Bidomain Equations

Thebidomainmodelis conceptualisedastwo co-existentintracellularandextra-

cellulardomains.10 Thepotentialin theintracellulardomainis denotedas
���

and

the potentialin the extracellulardomainis denotedas
���

. The transmembrane

potentialdifference,��� , is givenby:���	� ����
	���
�
(1)

It is assumedthat therearenegligible capacitive, inductive andelectromagnetic

propagativeeffectswithin eachof thetwo domains.Thecurrentacrossthemem-

braneseparatingthedomainsis comprisedof an ionic currentflux, � ion, a capac-

itive componentincludingtherateof changeof thetransmembranepotentialand

a transmembranestimulationcurrentflux, ��� . The transmembranestimulation

currentflux representsanintracellularanodeandanextracellularcathodeandso

is a depolarisingcurrentflow acrossthemembraneinto theintracellulardomain.

Assumingthat thecurrentsobey Ohm’s Law, conservation of currentwithin the

two domainsleadsto a systemof two coupledreaction-diffusionequations.The

intracellularpotentialvariablemaybeeliminatedin favour of thetransmembrane

potentialdependentvariableandtheequationsrearranged.This resultsin a cou-

pled systemcomprisedof a parabolicreaction-diffusionequationandanelliptic

equation.Theseequationsarereferredto in their variousformsasthebidomain
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equations.2� ����� � ������ 
������������ ���� !� �����������"���  
 � � � � ion

 ���� $#&% � (2)�'�(�)���*� # ���  �"���  !� 
+�'�(�,�*�-� ���� 
 % ��
 % � (3)� � is the surfaceto volumeratio of the representative cell membranebetween

the domainsand ��� is the specificmembranecapacitance.
���

and
�.�

are the

symmetricintra- andextra-cellularconductivity tensorsrespectively. Theseten-

sorsmaybeanisotropicandspatiallynon-homogeneous.Theterms % � and % � are

currentinjectionsperunit volumeinto theintra- andextra-cellularspacesrespec-

tively. Equation(2) describestheconservationof currentper unit volumein the

intracellulardomainandEq. (3) describesthe instantaneousdistribution of cur-

rentbetweenthetwo domains.Thebidomainequationsaresubjectto intra- and

extra-cellularpotentialflux boundaryconditions.

It is assumedthatthereis no currentflow from theintracellulardomainto the

extramyocardialdomain. Theboundaryconditionon the intracellulardomainis

thus: �"�����(�,��/��0  1�324 �5� ���6# ���  ������� 0  1�32 � (4)

Note that the conductivity tensorsaresymmetric,i.e.,
�*� � � / �

. Currentflow

from theextracellulardomainis matchedby theextramyocardialdomainso that

theboundaryconditionon theextracellulardomainis:�7���8�����*� 0  !� �"��9!�����*9 0  � (5)
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Here
��9

is anextramyocardialpotentialand
�*9

is anextramyocardialconductivity.

Thesevaluescanrepresenta bathsolutionor theinfluenceof a “torso”. If neither

of theseregionsis modeledtheright handsideis zero.

Given a discretisationof the solutiondomain,Eq. (2) canbe approximated

by analgebraicsystemof ordinarydifferentialequationsin time andEq. (3) by a

stationaryalgebraicsystem,i.e.,: ;�< � � �  ; � 
�= < � � �  1� =?> � � �  @# : A 
 B��� ��C
ion
� <  
&C � � �  D FEG#: A B� �����IH �J� �  E (6)K > � � �  1� 
L= < � �  
 : A B� ����� � H �J� �  $# H �M� �  D FE � (7)

Hereit is assumedthat the capacitanceof the membranebetweenthe intra- and

theextracellulardomainsis spatiallyhomogeneous.Thesystem
:

is commonly

referredto asthemassmatrix andthesystems
=

and
K

arecommonlyreferred

to asthestiffnessmatrices.Thesesystemshave asmany rows astherearefinite

volumesin the computationalmesh. Massandstiffnessmatricesfor the bido-

mainequationshave beenconstructedin previousstudiesusingall of theclassic

spatialdiscretisationtechniquessuchasfinite differencemethods,17, 27, 29,2 finite

elementmethods,11, 39, 33 finite volumemethods8, 9, 21 andcollocationmethods.24 If

excitation-contractionprocessesarenotbeingmodeledthenthemassandstiffness

matricesarestationary.

The systemof ordinarydifferentialequationsgiven by Eq. (6) is integrated
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overadiscreteperiodof time from
�ON

to
�ONQPSR

to give:: TVUXWZY\[U W ;�< �; �'; � 
&= T	UXWZY\[U W < � ; � �= T UXWZY\[U W > � ; � # : T UXWZY\[U W 
 C ion

�C ���� ; � # : T UXWZY\[U W A B� ����� % �]� �  OE ; � � (8)

An importantissuein performingthis temporalintegrationis that the time scale

of the ionic membranecurrentprocesses,denotedby
C

ion, is muchsmallerthan

that of the intracellulardiffusion processes.A fractionalstepoperatorsplitting

process22, 42,2 is usedwhereanauxiliary problemfor themembraneprocessesis

solvedfirst, followedby theintracellulardiffusionproblem.

Theauxiliary termarisesfrom:^< N_PSR� � T U WZY\[U W 
 C ion

&C ���� ; � (9)

where
^< NQPSR� is a predictormembranepotentialand

^< N� �?2 . Theauxiliaryequa-

tion thatmustbesolvedfor thepredictormembranepotential,
^< � , is:; ^< �; � � 
 C ion


&C ���� (10)

Thisequationmaybesolvedusinganordinarydifferentialequationsolverappro-

priateto thenatureof the cell modelthatwill be used.42,34,35 Not only doesthe

time scaleof theionic membraneprocessasa wholediffer greatlyfrom thetime

scaleof the intracellulardiffusion process,but the time scalesof the processes

within the ionic membranecurrentsalsodiffer widely. This is referredto asthe

stiffnessof thesystemof ordinarydifferentialequations.

Thetime integrationof Eq. (8) canbeperformedin variousways.Theresults

presentedin this paperhave beencalculatedusingan identicalsplit-stepuncou-
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pling to thatof Buistetal.2 Foranimplicit discretisationin time,thelinearsystems

to besolvedare:� : 
&` � =  < NQPSR� � : < N� # ` � =a> N� # ` � : ^< N_PSR� #` �� ����� : H �]� �  $# ` �� �����cbed � < N�  $# d �F> N �  Of (11)K > NQPSR� � 
+= < N_PSR� 
 B� ����� : b H �J� �  g# H �M� �  Jf 
B� �h���ibjd.k �l> N �  $# d � < N�  Jf (12)

where d and d�k arevectorsourcesrepresentingthecontributionsfrom secondary

currentflux arisingfrom fibre coordinatesthat arenot orientedwith the spatial

discretisation.

An implicit temporaldiscretisationis chosenfor Eqs.(11)and(12)to maintain

a broadcomputationalstability region. This is importantsincethecomputational

meshesthat areusedmustbe highly resolved to representthe cleavageplanes.

This imposesa severetime steprestrictionif an explicit temporaldiscretisation

is used.Theresultinglinearsystemsaresolvedusinga preconditionedconjugate

gradientmethodor generalisedminimum residualmethod. The majority of the

computationalexpensearisesfrom the linearsolutionof Eq. (12). This Poisson

equationwith predominantlyNeumannboundaryconditionsis poorlyconditioned

andit is bothdifficult andcomputationallyexpensive to constructa goodprecon-

ditioner that significantlyacceleratesthe iterative solution. Developingmethods

for improving the linearsolutionof Eq. (12) continuesto beanongoingfield of

research.
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2.2 A Finite Volume Discretisation

We now introducea finite volumemethodfor constructingthestiffnessandmass

matrices.To derive thespatialdiscretisationwe returnto thebidomainequations

given in Eqs. (2) and (3). The solution domain is formed from the union of

uniquenon-interpenetratingfinite volumes. The currentconservation equations

areenforcedover eachfinite volumeandhenceover the entiresolutiondomain.

For a singlefinite volume, m!n , an integral expressionof thebidomainequations,

rearrangedusingthedivergencetheorem,is:Tporq � �h��� � ������ ; m 
 Tts
q � ��� ������� 0  ;(u � Tts
q �7���v������� 0  ;(u 
Tpowq � � � � � ion

 �x�� $#&% �  ; m (13)T s
q �7���v���D���.� # �*�  0  ;(u � 
yT szq � ��� ���,�*� 0  ;(u 
T owq � % � #&% �  ; m (14)

where u n is theboundaryof m!n . Theseequationsdescribethebalanceof current

fluxes throughthe finite volume faces,with currentinjectedinto or transferred

throughthemembraneinto thevolume.

As is appropriatefor the interpenetratingdomainsmodel of the bidomain

equations,the intracellularandextracellularfinite volumessharethe samevol-

umeandfaces.Thevolumeof m!n is {�n andtheboundaryof thefinite volumeis

expressedasa sumof discretefacesu n]| , eachwith area}~n]| . A finite volume m!n
has�pn facesinternalto thedomainand � 9n facesexternalto thedomain.Thefaces

in intracellular, extracellularandextramyocardialspaceareweightedby � �n)| , � �n)|
and � 9n]| respectively. Theseweightsallow for the impositionof variablefluxes
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from volumeto volume. In thelimiting caseof an intracellularfacerepresenting

a cleavageplane,� �n)| ��2 . Externalfacesaresubjectto theboundaryconditions

givenin Eqs.(4) and(5). Approximationsto Eqs.(13)and(14)arethusgivenby:� � n ��� n {�n ; ��� n; � 
 N q� |z� R ��� ���� �n)| ������� 0  n]| � �n]| }Sn)|� N q� |Z� R �l�"���  n)| ������� 0  n]| � �n)| }Sn)| 
�� � � n � � ion

 �x�� n #&% ��� {�n

(15)N q� |z� R �l�"���  �n]| ����� � �n]| �*� #�� �n)| �*��� 0 � n)| }~n]|�# Nx�q� |z� R ���7��9  �n]| �����*9 0  n]| � 9n)| }~n)|��
 N q� |Z� R ��� ���� ,n)| ���,�*� 0  n)| � �n]| }Sn)| � % ��
 % �  n {�n �
(16)

The finite volumediscretisationsusedin evaluatingEqs. (15) and (16) are

shown in Fig. 1(a).

[Figure 1 near here.]

2.3 Secondary Current Flux

Integralsover thefinite volumefacescanbeexpressedasthesumof primaryand

secondaryflux terms.14 Theprimaryflux is thecurrentflux normalto thevolume

faceandthesecondaryflux is theflux in theplaneof theface.Fig. 1(b) shows a

facenormalvector,
0

, theunit vectorconnectingtwo adjacentvolumecentroids,� , andthe two unit in-facevectors,� and ���'�?� 0 . Thedecompositionof a
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genericflux termon theface u n)| is:�7�7�(�,� 0  1�3� �7�"� � #	� �7�7� ��#&� �7�7� � � (17)

Thefinal two termsareoftenreferredto asthesecondaryflux andthefirst termas

theprimaryflux. Thesecondaryflux will bezerowhen � and
0

arecoincidentand�
hasprincipaldirectionscoincidentwith

0
, � and � . Practically, this condition

is metwhenthecomputationalmeshof finite volumesis orthogonalandthecar-

diacmusclefibersareorientedalongthemeshcoordinatedirections,or whenthe

meshis curvilinearlyorientedalongthefibers. Hence,secondaryflux on the in-

ternalfacesof volumesmustbeaccountedfor in orthogonalgridsif thefibrefield

is not alignedwith the coordinatedirectionsandthe conductivity is anisotropic.

This is usuallythecasein practice.

Theweightson the primaryandsecondaryflux aredeterminedby vectoral-

gebraas: �y� ��� 0  � 0� � 0 (18)��� ��� 0  � � 
i�,� 0  � 0 � � �� � 0 (19)��� ��� 0  � � 
���� 0  � 0 � � �� � 0 � (20)

If thedistancebetweenthecentroidsof thefinite volumesm!n and m�| (lying on

theoppositesideof the ��� face)is
` n)| , thentheflux termcanbeapproximated

as: �7�7����� 0  !�3� ��� | 
	� nx ` n]| #&� �7�"� �6#�� �"�7� � (21)

If the vectors� and
0

arecoincident(asis the casefor an orthogonalcomputa-



13

tionalmesh),thentheexpressionfor primaryandsecondaryflux becomes:�7�7���,� 0  !� �D�,� 0  � 0  �l� | 
	� n� ` # �)�,� 0  � �� �l�"�"� �� $# �D�,� 0  � �� �l�7��� �5 
(22)

The approximationof
�"�

on the cell volume facesresultsin extra compu-

tationalcostsfor non-orthogonalcomputationalmeshes.Theapplicationsof the

finite volume methoddescribedis this paperare madeon orthogonalmeshes.

Hence,secondorderfinite differencesareusedto evaluatepotentialgradientsat

finite volumecentresand theseare linearly interpolatedonto the finite volume

faces.Fig. 2 showsexamplesof this.

[Figure 2 near here.]

Whenthe meshis not orthogonaltherearea numberof possibleapproaches

to computingan approximationto
�"�

on the finite volumefaces.For example:

radial basisfunctions(alsousedin meshfree methods19), least-squaresgradient

reconstruction(LSGR) (alsousedin meshfree methods19 andgeneralisedfinite

differencemethods36), least-squarespolynomialreconstruction(LSPR)andlinear

shapefunctions(LSF)14 canall beusedasinterpolatingfunctionsfor computing

approximationsto
�7�

on non-orthogonalmeshes.
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Thesecondaryflux functionsare:� n �F> N  !� N q� |z� R�� �n)| }Sn)|G  �D�,�*� 0  � �� n]| ���"� N � �� n]| #�D�,�*� 0  � �¡ n)| �l�7� N � �¡ n]|�¢ (23)� k n �F> N  !� N q� |z� R � �n)| }Sn)|   �D�,�.� 0  � �� n]| ���7� N � �� n]| #�D���*� 0  � �¡ n)| ���7� N � �¡ n]|�¢ # � n �F> N  � (24)

Thesecontributionsareaddedto Eqs.(11)and(12)assourceterms.

2.4 Discrete Representations of Cleavage Planes

Cleavageplanes,whicharevisiblein freshtransmuralsegmentsof left-ventricular

wall tissue(Fig. 3(a)) andeven morevisible in lightly fixed tissue,areclearly

seenin the dehydratedembeddedtissuerequiredfor three-dimensionalimaging

andreconstruction.The reconstructedimagesof dehydratedembeddedtissueof

Fig. 3(b) is partof theimagesetobtainedby Younget al.41

[Figure 3 near here.]

A discreterepresentationof cleavageplanesfrom the tissuesampleof Fig.

3(b) hasbeenobtainedpreviously.11 The planesweremanuallysegmentedfrom

imagesslicesanddescribedasbilinearfinite elementpatches.Measurementsof

fiberorientationswerealsomadeandtheirtransmuralvariationdescribedlinearly.

Thebilinearfinite elementrepresentationsof thecleavageplanestogetherwith the

fiber orientationsareshown in Fig. 4(a).
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For thework presentedin this paperasimplealgorithmwasdesignedandim-

plementedin computercodethatdeterminedwhichfinite volumefacesof agiven

finite volumemeshintersectedthecleavageplanefinite elementrepresentations.

This processidentifiedthe finite volumecleavagefaces. An exampleof the re-

sultingdiscreterepresentationof thecleavageplanesis shown in Fig. 4(b). This

approachalloweddiscretefinite volumerepresentationsof cleavageplanesto be

easilyconstructedfor varyingmeshresolutions.

[Figure 4 near here.]

2.5 Tissue Models and Finite Volume Meshes

Structured,orthogonalfinite volumemesheswereusedin themodelingdescribed

in thispaper. As discussedearliersuchmeshesaredesirablefrom acomputational

perspective. In addition,thesemeshesareamenableto automaticgeneration.The

approachusedin this researchwas identical to that describedby Buist et al.2

The geometryof the tissuewasdescribedby a finite elementmeshandwithin

eachelementa structuredmeshof finite volumeswasautomaticallygenerated.

The tissuesampleof Fig. 3(b) hasa rectangulargeometryso theresultingfinite

volumemesheswereorthogonal.

Severalmodelswereconstructed.Thefirst two wereusedfor thepurposeof

testingandvalidatingthe finite volumemethodandthe remainderwereusedto

considertherole of cleavageplanesin theactivationof discontinuoustissue.

2.5.1 Models for Testing Computational Performance and Validation

Thefinite volumemethodanda tri-linear finite elementmethodidenticalto that

describedby Hookset al.11 wereusedto generatethelinearsystemsof Eqs.(11)
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and(12). Thesparsityof thesesystemsandtheperformanceof a conjugategra-

dient solution for a test load vector was comparedbetweenthe methods. The

domainwasa three-dimensionalcubewith equalmeshresolutionalongall axes.

No ionic currentmodelsweredefinedandatestloadvectorwith aL2 normof one

wasusedto drive thesolutionprocess.Theminimum,meanandmaximumCPU

timesrequiredto perform17 non-preconditionediterationsof a conjugategradi-

entsolver on thefinite volumeandfinite elementsystemsweregatheredfrom 12

solutionrunsfor eachlevel of meshdiscretisation.Calculationswereperformed

usingone1.3GHzPower4 processoronanIBM RegattaP690.

Thesecondmodelwasa two-dimensionalB�£L¤¥¤ � B�£L¤¥¤ sampleof tissue

with equalmeshdiscretisationin both directions.This modelwasusedto com-

pareconductionvelocity in thefiber andcrossfiber directionsbetweenthefinite

volumemethod,the finite elementmethod11 andthe finite differencemethodas

describedby Buist et al.2 The tissuewasstimulatedat the midpoint by a trans-

membranecurrentinjectionandthespreadingactivationwave modeledusingthe

bidomainequationsanda simplecubicionic model.13 Thefibre directionwasset

to beat ¦(§r¨ to thehorizontalover theentiredomain.Anisotropicfiber andcross-

fiberconductivitieswerespecifiedin theintracellularspaceof 2 � £*¤ � ¤¥¤5© R and2 � 2 £�¤ � ¤¥¤5© R andin theextracellularspaceof 2 � £�¤ � ¤¥¤5© R and2 � B8¤ � ¤¥¤5© R
following previously suggestedphysiologicalratios.26 This fibre orientationwas

chosento provide themostextremetestof thesecondaryflux calculationsin the

finite volumemethod. The local conductionspeedsin the fibre andcrossfibre

directionsweredeterminedat two samplepointswherethesedirectionswerenor-

mal to theactivationwavefront. The local conductionspeedswerecalculatedby

interpolationfrom the local activation time field, specifiedasthe time of maxi-
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mumupstroke gradientin the transmembranepotential.Theproblemset-upand

samplepoint locationsareshown in Fig. 6(b). Six levelsof spatialdiscretisation

from B1¤¥¤ to 2 � 2\ª B�£ § ¤¥¤ weredefinedandatimediscretisationof 2 � 2 B�¤¡« was

used.

2.5.2 Extracellular Shock Simulation Models

A threedimensionaldiscontinuousmodelof the tissuesampleof Fig. 3(b) was

constructedusing the bilinear finite elementdescriptionof the cleavageplanes

projectedonto thefinite volumemesh.An indenticalcontinuousmodelwithout

cleavageplaneswasutilised for comparison.Both modelswereactivatedby a

constantextracellulartransmuralpotentialgradientof ¬ �e­ �3® ¤5© R , i.e., £ 2\2\2 ¤ �
acrossthe ª � 2 ¤¥¤ sample,representingashockstimulus.TheDrouhard-Roberge

modified5 Beeler-Reuter1 ioniccurrentmodelwith additionalrevisions29 wasused.

Meshboundaryconditionswereimposedthat connectedtogethercomputational

pointson opposingtransmuralfaces,resultingin no explicit externaltransmural

boundaries.This is shown in Fig. 5(a).This typeof boundaryconditionwasused

to minimisetheeffectsof suddenno-flux boundariesandwasappropriateasthe

shockstimuli wereappliedover theentireepi-andendocardialfaces.

A computationalmeshwith a resolutionof 2 � 2 B"¤¥¤ in all directionswas

definedtogetherwith a time stepof 2 � 2\2¯§ ¤¡« . Both thediscontinuousandcon-

tinuousmodelsutilisedthesameextracellularconductivitiesof 2 � £ ¬\ª , 2 � B 2\° ­ and2 � B 2\° ­ ¤ � ¤¥¤ © R in thefibre,sheetandsheet-normaldirectionsrespectively. The

intracellularconductivities in the discontinuousmodelwerespecifiedas 2 � £ ¬±ª ,2 � 2 £ ¬\ª and 2 � 2 £ ¬\ª andthoseof thecontinuousmodelas 2 � £ ¬\ª , 2 � 2 £ ¬\ª and 2 � 2 B¤ � ¤¥¤ © R in thefibre, sheetandsheet-normaldirectionsrespectively. The low
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sheet-normalvalue in the continuousmodelwaschosento implicitly represent

cleavageplaneinfluenceandfollows thevaluedeterminedby Hookset al.11

2.5.3 Extracellular Bipolar Midwall Stimulation Models

A bipolar extracellularmidwall stimulusin the tissuesampleof Fig. 3(b) was

modeledusinga meshwith 2 � 2 £²¤¥¤ resolutionanda time stepof 2 � BL¤¡« . The

anodeandcathodewereplacedadjacenton eithersideof the midwall plane. A

cubicionic currentmodelwasused.Solutionsweregeneratedin a discontinuous

(with explicit cleavageplanes)anda continuous(without cleavageplanes)model

with conductivitiesidenticalto thosedescribedfor theshockmodels.Thesolution

domainwaspaddedwith continuoustissuealongthe transmuralfacesasshown

in Fig. 5(b). This paddingremovedthe immediateboundaryinfluencefrom the

region of interest(thetissuesamplebeingmodeled)andplacedit in thefar-field.

Themeshresolutionwascubicallygradedin thepaddingregion to minimisethe

numberof unknowns.

[Figure 5 near here.]

3 Results

3.1 Validation of the Finite Volume Method and Computational
Comparison with other Methods

Thefinite volumesystemshave approximately75%fewer non-zeroentriescom-

paredto thefinite elementsystementriesfor a givenmesh.Fig. 6(a) shows the

comparative mean,minimum andmaximumCPUtimestaken to performthe17

non-preconditionediterationsof a conjugategradientsolver on thefinite volume
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andfinite elementsystems.

[Figure 6 near here.]

Thevariationof conductionspeedwith meshresolutionin thetwo-dimensional

model is shown in the fiber directionat samplepoint 1 in Fig. 6(c) and in the

cross-fibredirectionat samplepoint 2 in Fig. 6(d).

3.2 Extracellular Shock Stimulation

[Figure 7 near here.]

Aspectsof solutionsfrom theextracellularshocksimulationmodelsareshown

in Figs. 7 and8. In Fig. 7 transmembranepotentialmapsshow depolarisation

occuringon theanodalsideof thecleavageplanes.Thesesourcesleadto a more

rapid transmuraldepolarisationcomparedto the continuousmodel. Also shown

is themapof regionsthroughoutthediscontinuousmodelwhich exhibit anearly

onsetof activation.

The centerlinetracesin Fig. 8 show solutionsgeneratedfor discontinuous

andcontinuoustissuemodelsby the finite volumemethodanda finite element

methodat two differentmeshresolutions.Also includedaresolutionsgenerated

using the finite volume methodwith a thicknessof 2 � 2 B�¤¥¤ attributed to the

cleavageplanes.

[Figure 8 near here.]
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3.3 Extracellular Bipolar Midwall Stimulation

Figs.9(a)and9(b)show thepositionsof theactivationwavefrontatasequenceof

instancesin time for the continuousanddiscontinuousbipolar stimulusmodels.

Fig. 9(c) shows the activation time fields for the continuousanddiscontinuous

solutionson aselectionof transmuralplanes.Activationtimesabove B 2 ¤¡« have

beencontoured.

4 Discussion

In this paperwe have presenteda finite volumemethoddevelopedfor large-scale

bidomainmodelingof electricalactivationin cardiactissue.Ourprincipalgoalhas

beento supplimentthe finite elementmethodpreviously usedfor this purpose11

with a methodthat was computationallycheaperand in which the volume of

physicaldiscontinuitiesin the intracellulardomainwasnot overstated.We have

assessedthe methodthroughcomparative solutionsin an idealisedtestproblem

andby modelingsimilar problemsin discontinuousdomainsto thoseperformed

previously.11

Our finite volumemethodis deliberatelydesignedto beassimpleandasef-

ficient as possible. To this end, modelling is only undertaken in a rectangular

block of tissuewith anorthogonal,regularcomputationalmesh.Themethodwe

presentis extendibleto non-orthogonal,arbitraryandunstructuredmeshes,albeit

with anassociatedlossin computationalperformancedueto additionalgeometric

calculationsand increasednon-zeroentriesin eachrow of the linear systemof

discreteequations.Thesystemsof equationscanbeeasilyconstructedin parallel

andthenumberof non-zeroentriesperrow in thelinearsystemsof equationsare
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small( ³ ­
in three-dimensionsasopposedto traditionalfinite element11 or recent

bidomainfinite volume21 methodswith up to £ ­ non-zeroentriesper row). Not

only arethesesparsematricesbeneficialfrom theperspective of memoryusage,

but theinnerproductsrequiredto perform,for example,a conjugategradientso-

lution canbeevaluatedmoreefficiently. This is shown in Fig. 6(a).No distinction

betweenthesystemarisingfrom theparabolicEq. (11)andtheelliptic Eq. (12) is

necessarysincethetestis lookingat theinnerproductcostwhich is relatedto the

sparsitypatternandthis is identical for both systemsin the absenceof cleavage

planes.Thesystemsof equationsarisingfrom thefinite differencemethodarenot

symmetricdueto the explicit representationof Neumannboundaryconditions.2

Hence,they cannotbesolvedusingtheconjugategradientmethodandotheritera-

tivemethodsmustbeused.Giventhatthereareapproximately19non-zeroentries

perrow in thefinite differencesystemof equations,2 thecurve representingCPU

solutiontimesfor a symmetricsystemwith an equivalentsparsitywould lie be-

tweenthefinite volumeandthefinite elementcurvesof Fig. 6(a). Theemphasis

on storageandcomputationalefficiency hasbeenmotivatedby the fact that the

meshresolutionrequiredto geometricallycapturethecleavageplanesis typically

greaterthanwhatwouldberequiredto adequatelycatureactivationwavefrontsin

continuoustissue.10, 34

The resultsof Fig. 6 show that the secondaryflux approximationsusedby

the finite volumemethoddo not appearto be detrimentalto its accuracy when

modelingusing physiologicalparameters.The finite elementmethodwith lin-

earinterpolationwill have a smallertruncationerror for a givenmeshresolution

comparedto thelowerorderfinite volumemethodandsowill convergewith dis-

cretisationfaster(this canbeobservedin Figs. 6(c) and6(d)). However, therate
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of increaseof iterative solver costis greaterfor thefinite elementmethodandat

approximately1.7million degreesof freedomit is well overtwiceasexpensiveas

thefinite volumesolutions.For theresultsshown in Fig. 7 thereareover1.9mil-

lion degreesof freedomin eachsystem.Thegainsin computationalperformance

of thefinite volumemethodcomparedto othermethodsappearto outweighany

possibledetrimentalaccuracy effectsdue to representingthe secondaryflux as

explicit sourceterms.

Theshocksolutionsof Fig. 7 reinforcetheobservationsmake by Hooksand

co-workers.11 Among the principal differencesbetweenthe solutionsand these

finite volumesolutionsis that the tissueis not depolarisedto the sameextent in

the region of the cleavageplanesclosestto the endocardialsurface. A source

of this differencemay be elucidatedfrom the spatialtracesshown in Fig. 8. It

canbe observed that increasingthe volumeassociatedwith the cleavagebreaks

in the finite volumesolutionresultsin theactivationwave betterresemblingthe

finite elementsolution. In additionto the cleavageplanevolume,the numerical

boundaryconditionsappliedto the shockstimulationmodel in this work differ

from thepreviouswork.

Recentexperimentalresultsprovide evidencefor transmuralvirtual source

formationin a wedgepreparationwith transmurallyappliedshocksof a similar

magnitudeto thoseusedin this work.28 Althoughit is unclearwhateffect thecut

surfacewill haveontheformationof thesevirtual sources,theauthorsdiscussthe

possibilitythatthey arisedueto microscopicdiscontinuitiesin thetissuestructure.

We have presentedbipolarextracellularstimulationresults(Fig. 9) sincethis

protocol is usuallyusedin experimentsundertaken in our laboratory. The gross

characteristicsof theactivationwavefrontsof thebipolarextracellularstimulation
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differ only slightly betweenthecontinuousmodelandthediscontinuousmodelas

seenin Figs. 9(a) and9(b). However, the mapsof activation timesfor the dis-

continuousmodelclearlyshow regionsof earlyactivationsurroundedby regions

of later activation in Fig. 9(c). The ´�µ -midplanemaps(which are in the mid-

wall fibre plane)of activation timesshow the virtual anodesassociatedwith the

stimulatingcathodeandthe virtual cathodesassociatedwith the stimulatingan-

ode.Theclassicdog-boneshapearoundthecathodeandanodemake stimulation

regionsis alsoobserved,albeitmoreclearly in thecontinuoustissuecase.Both

thesebehaviors have beenillustratedexperimentallyfor unipolar stimulation.40

Thedifferencesbetweentheearlyandlateactivationsin theseisolatedregionsis

around § ¤¡« . This time-framefor discontinuousactivationcould easilybe reg-

isteredby fortuitously placedextracellularelectrodesin an experimentalprepa-

ration samplingat B �p¶5· . We have also generatedsolutionsin a model with

a transmembranemidwall stimulussimilar to that presentedin previous work.11

Theseadditionalsolutionsshow activationbehavior away from thestimulussite

that is almostidentical to the bipolar results,including regionsof isolatedearly

activation.Thecombinationof thebipolarextracellularstimulusresultspresented

hereandthetransmembraneresultsfurtherreinforcetheconclusionsof thestudies

of Hooksandco-workers.11

Our finite volumemethodhasenabledus to solve largerproblemsmoreeffi-

ciently thathadbeenthecasewith previousexplicit cleavageplanebidomainac-

tivationmodeling.Ongoingwork in our laboratoryis now consideringquestions

of reentrantactivationin largertissuesamples.This will requireanextensivede-

scriptionof cardiactissuestructurein a muchlarger tissuesamplethanwhathas

beenusedasthebasisfor theresultspresentedhere.We have alsoaddressedthe
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modelingissuein previouswork of non-negligible volumebeingattributedto the

cleavageplanesandintroducednew capabilitiesin termsof boundaryconditions.

Ongoingwork alsoincludesinvestigatingthe featureof themodelwherethe in-

tracellularcurrentflow acrosscleavageplanesis modifiedfrom impermeableto

fully permeable.Suchmodelingwould enablestudiesof the validity of coarser

modelsof cleavageplanesto be carriedout. It would alsoenablethe investiga-

tion of theeffectsof smallcurrentleakageacrosscleavageplanes,arisingperhaps

from inter-myocyteelectricfield interactions.32,31

5 Conclusions

In this paperwe have describeda finite volume discretisationof the bidomain

equationsthathasbeendesignedto enablethemodellingof adiscontinuousintra-

cellulardomain,notablywith theexplicit inclusionof electricallynon-conducting

cleavageplanes.Theuseof amethodthatdoesnotassignvolumeto thecleavage

planeshasbeenshown to quantitatively affect the depolarisationof the discon-

tinuoustissueunderextremeextracellularpotentialgradients.Thefinite volume

method,as presentedhere,had a lower computationalcost comparedto other

methodsandthismadeit amenablefor solvingthelargesystemsof equationsthat

resultedfrom thespatialresolutionrequiredto capturetheessentialfeaturesof the

cleavageplanes.

The resultspresentedhereaddedfurther modellingvalidationto the conclu-

sionsof Hooksetal.11 thatcleavageplanediscontinuitieswerelikely to contribute

significantlyto a discontinuouspropagationof electricalactivation. As such,the

provide a mechanismfor explaining the bulk activation of myocardiumin the
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presenceof largeextracellularpotentialgradients.Clearlythis hasimportantim-

plicationsfor thedefibrillationof cardiactissue.

Furtherwork is beingconductedto usethe finite volumemethoddescribed

herefor betterunderstandingtheimplicationsof discontinuousactivationfor both

normalandabnormalcardiacexcitation. This includesmodelingdefibrillationin

largertissuesampleswheretherearepre-existing reentrantactivationwaves.
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Figure Legends

Fig. 1 A finite volumemeshandcomponents.(a) A volume � within the finite

volumemesh. The lower faceis a no-flux intracellularfacemodellinga

cleavageplane. An adjacentvolumeto the right is denotedasvolume � .
(b) Primaryandsecondaryflux througha finite volumeface. Theprimary

flux is normal to the faceand the secondaryflux lies in the planeof the

face. � and � aretwo in-facevectorsthatareorthogonalto eachotherand

thevectornormalto theface,
0

. In theresultspresentedin this paper, � is

coincidentto
0

andthe secondaryflux arisesdueto the anisotropy of the

intra- andextra-cellularconductivities.

Fig. 2 Finitedifferencetemplatesfor computingderivativeapproximationsfor sec-

ondaryflux calculationson anorthogonalfinite volumemesh.(a) Standard

second-orderfinite differenceapproximationsfor a finite volumewith full

flux intracellularfaces. (b) Secondorderfinite differenceapproximations

for afinite volumewith ano-flux intracellularface.

Fig. 3 Illustrationsof cleavageplanesbetweensheetsof cardiacmyocytes. (a)

Porcinecardiacleft-ventricular tissuethat hasbeenperfusionfixed with

formalin and stainedby brushingthe surfacewith Evansblue dye. (b)

A confocalmicroscopescanof dried andresinembeddedrat cardiacleft-

ventriculartissuein two- andthree-dimensionalviews. Furtherdetailsmay

be found in LeGrice et al.18 The physicaldimensionsof the sampleareª ¤¥¤ �52 � ° ¤¥¤ �Á2 � ° ¤¥¤ .



Fig. 4 Discreterepresentationsof cleavageplanes. (a) The segmentedcleavage

breaksandfibreandsheetdirectionsof theblockof ratcardiactissueshown

in Fig. 3(b). Thecleavagebreaksarerepresentedasbilinearsurfaces.(b)

Thecleavageplanesprojectedontoanorthogonalfinite volumemesh.

Fig. 5 Finite volume meshes. (a) Continuousboundarywrappingon a regular

mesh. (b) An exampleof the meshgradingusedto extendthe rat cardiac

tissuesample.Thisview is of theepicardialface.

Fig. 6 Finite volumemethodvalidationandtiming results.(a) MeanCPUtimes,

over 12 samples,requiredto perform17 unpreconditionedstepsof a con-

jugategradientsolver on thesystemsarisingfrom finite elementandfinite

volumediscretisationsof the bidomainequations.Error barsindicatethe

minimumandmaximumCPUtimes.(b-d)Validationresultscomparingthe

convergenceof derivedconductionspeedsin fibreandcrossfibredirections

at two samplepointsfor finite element,finite volumeandfinite difference

methods.

Fig. 7 Activationresultingfrom a transmuralshockof ¬ �e­ �Â® ¤5© R in therat car-

diacsampleof figures3(b) and4. Panels(a) and(b) show how in a model

with cleavagebreaksexplicitly modeled,virtual sourceson theanodalside

of thecleavageplanesactto rapidly depolariseacrossthewall. In contrast,

panel(c) shows that transmuralactivation is slower for a modelwith con-

tinuousconductivities. Panel(d) shows,for asetof regularlyspacedsample

pointsthroughoutthevolume,thepointswith activationtimeslessthanor



equalto ª ¤¡« . This panelindicatesthat therearesignificantanddisjoint

regionsacrossthewall thatarequickly activatedfollowing theapplication

of anextracellularshockstimulus.

Fig. 8 A comparisonbetweenfinite elementandfinite volumetransmembranepo-

tential solutionsalongthe centrelineof the rat tissuesampleof Fig. 3(b).

Solutionsareshown atvaryinggrid resolutionsandaregivenfor continuous

aswell asdiscontinuousmodels.Thecontinuousanddiscontinuousresults

show similarcharacteristicsbetweenthetwo solutionmethods.A key result

hereis thatthefinite volumeresultswith anartificial cleavagevolumemore

closelyresemblethefinite elementresultsthanwith zerocleavagevolume.

This underscoresthe importanceof thefinite volumemethoddevelopedin

thispaperwith its ability to assignnomodellingvolumeto cleavagebreaks.

Fig. 9 Activation timesandwavefrontsfor a bipolar extracellularmidwall stim-

ulus. (a) The positionof the activation wavefront at selectedtimesin the

continuoustissuemodel.(b) Thepositionof theactivationwavefrontat se-

lectedtimesin thediscontinuoustissuemodel. (c) Theactivationtimeson

a setof sampleplanesthroughthemidwall. Althoughtheactivationwave-

frontsof (a)and(b) resembleoneanother, theactivationtimesclearlyshow

adjacentregionsof discontinuousactivation.
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Figure8. Mark Trew ABME
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