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Abstract

This paperdescribesa finite volumemethodfor modelingelectricalactvationin
asampleof cardiactissueusingthe bidomainequationsMicrostructuralfeatures
to the level of cleavageplanesbetweensheetsof myocardialfibresin thetissue
areexplicitly representedThe key featuresof this implementatiorcomparedo
previousmodelingarethatit is designedo represenphysicaldiscontinuitiesvith
no volumein theintracellulardomainandto provide linear systemsof equations
that are computationallyefficient to constructand solve. Resultsobtainedusing
this methodhighlight how the understandingf discontinuousactivationin car
diactissuecanform a basisfor betterunderstandinglefibrillation processesand

experimentakecordings.
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1 Introduction

Most computemodelsof cardiacelectricalactivationhave assumedhatthe my-
ocardiumis a continuum andthatactivationpropagatesnostrapidly in thedirec-
tion of thelocal myofiberaxisandwith equalvelocityin the planetrans\erseto it.
Theseassumption®f structuralcontinuity and electricaltrans\erseisotropy are
at oddswith obsenationsof myocardialarchitectureover a period of morethan
twenty years. Microscopicstudie$ %2 have shavn that ventricularmyogytesare
arrangedn discretebundlesseparatedby clearageplanesor collagenouseptae.
It hasalsobeendemonstratedhat ventricularmyocardiumshouldbe viewed as
anorderednetwork of interconnectednusclelayerg® " 12.18 thathave a predomi-
nantlyradial orientationin apex-basetransmurakections’; 12 18414

Thereis strongevidencethatdiscontinousnyocgyte organizationsignificantly
affectspropagationvelocity andthe safetyof conductionin two-dimensionatis-
suepreparations?2>1® Moreover, it acknavliedgedhatdefibrillatingshocksvould
not producecardioversionif the myocardiumbehaedasa continuumandstruc-
tural discontinuity hasalso beenevoked to explain the myocardialresponsdo
high voltageshockst® 3. 6.38.20 Theseissueswere addressedh a computational
studyin which a bidomainmodel of electricalpropagationwas solvedin a dis-
continuousdomainthat accuratelyrepresentedhe transmuralmicrostructureof
the left ventricularfree wall.!* It was concludedthat the laminararchitectureof
the myocardiumwould give rise to orthotropicelectricalpropertiesuniquelyde-
terminedby local microstructure andthat interlaminarclefts betweenlayersof
myogytes could provide a substratefor bulk activation of the ventriclesduring

defibrillation.



A numberof limitationscanbeidentifiedin relationto thefinite elemenbased
modelingstudypresentedyy Hooksandco-workers! Thesimulationwascarried
out usinga tissuesegmentof relatvely smalldimensions.n orderto investigate
the extentto which structuraldiscontinuitymay contritute to re-entranelectrical
activationit will be necessaryo solve a full ionic currentmodelin an extended
discontinuousiomain. This would imposesubstantiacomputationabverheads
if the finite elementformulation usedinitially wereto be presered. A further
concernis that this formulation potentially overstateghe volume occupiedby
clearageplanesandit is uncertainwhetherthis impactson the resultsthat have
beenobtainedusingthis method.

Finite volumemethodshave beendevelopedandusedby Harrild etal 2° and
Penlandet al?! to solve the bidomainequationsin complex threedimensional
structures. In this paperwe reporton the developmentof a new finite volume
methodfor modelingelectricalactivationin discontinuougardiactissue.

The finite volume paradigmin the context of explicit modelingof cleavage
planeswill be showvn to have an advantageover the previously usedfinite ele-
mentformuationin that cleavage planescan be representeds no-wlume enti-
tiesin the finite volume discretisation.A finite volumeformulationalsoallows
the resistanceof the intercellularclefts to intracellularcurrentflux to be varied.
The methoddevelopedherehascomputationabdvantagesover a traditional fi-
nite elementmethodandotherfinite volumemethodsvhenmodelinganisotropic
conductionof electricalactivation. The utility of this new finite volumeapproach
hasbeenassessedy comparingmodelingresultswith thosealreadyobtainedby
Hooksandcolleague¥ usingthefinite elementmethodandBuistandcolleague$

usinga finite differencebasedmethod. This providesan objective basisfor vali-



datingresultsobtainedusingbothapproacheandfor quantifyingthe advantages

of thefinite volumemethod.

2 Methods

2.1 Continuousand Discrete Formsof the Bidomain Equations

The bidomainmodelis conceptualisedstwo co-existentintracellularandextra-
cellulardomains'® The potentialin the intracellulardomainis denotedas¢; and
the potentialin the extracellulardomainis denotedas ¢.. The transmembrane

potentialdifferenceV,,, is givenby:

Vin = ¢i — de. (1)

It is assumedhattherearenggligible capacitve, inductive and electromagnetic
propagatie effectswithin eachof thetwo domains.The currentacrosgshe mem-
braneseparatinghe domainsis comprisedof anionic currentflux, fio,, a capac-
itive componentncluding the rateof changeof the transmembranpotentialand
a transmembranstimulationcurrentflux, I,,,. The transmembranstimulation
currentflux representanintracellularanodeandan extracellularcathodeandso
is adepolarisingcurrentflow acrosghe membranento the intracellulardomain.
Assumingthatthe currentsobey Ohm’s Law, conseration of currentwithin the
two domainsleadsto a systemof two coupledreaction-difusionequations.The
intracellularpotentialvariablemay be eliminatedin favour of thetransmembrane
potentialdependenvariableandthe equationgearrangedThis resultsin a cou-
pled systemcomprisedof a parabolicreaction-difusion equationandan elliptic

equation.Theseequationsarereferredto in their variousforms asthe bidomain



equations.
oV, .
AmCmW — V- (0;VV,) =V - (0:V¢e) — Ay (Tion — Ip) +4i (2)
V-((ee+ ;) Vo) ==V - (;VVy) — i — e (3)

A, is the surfaceto volumeratio of the representatie cell membranebetween
the domainsand C,,, is the specificmembranecapacitance.o; and o, arethe
symmetricintra- andextra-cellularconductvity tensorsrespectiely. Theseten-
sorsmay be anisotropicandspatiallynon-homogeneoust hetermsi; andi, are
currentinjectionsperunit volumeinto theintra- andextra-cellularspacesespec-
tively. Equation(2) describeghe conseration of currentper unit volumein the
intracellulardomainand Eq. (3) describedhe instantaneousistribution of cur
rentbetweenthe two domains.The bidomainequationsare subjectto intra- and
extra-cellularpotentialflux boundaryconditions.

It is assumedhatthereis no currentflow from theintracellulardomainto the
extramyocardiadomain. The boundaryconditionon the intracellulardomainis

thus:

= V(Vi + ¢e) - (oim) = 0. 4)
Note that the conductiity tensorsare symmetric,i.e., o; = o. Currentflow

from the extracellulardomainis matchedby the extramyocardialdomainso that

the boundaryconditionon the extracellulardomainis:

Vo (een) =V, - (o,m). (5)



Here¢, is anextramyocardiapotentialande, is anextramyocardiatonductvity.
Thesevaluescanrepreseng bathsolutionor theinfluenceof a“torso”. If neither
of theseregionsis modeledheright handsideis zero.

Given a discretisatiorof the solutiondomain,Eq. (2) canbe approximated
by analgebraicsystemof ordinarydifferentialequationsn time andEq. (3) by a

stationaryalgebraicsystemj.e.,

dV i (t) 1
Afdt—me=K@meL@UMW—mmﬁ+
A4b;%mﬂ )

L@@=—Kvw—m4;igww+nmﬂ. @

Hereit is assumedhat the capacitancef the membranéetweenthe intra- and
the extracellulardomainss spatiallyhomogeneousThe systemM is commonly
referredto asthe massmatrix andthe systemsK and L arecommonlyreferred
to asthe stiffnessmatrices. Thesesystemshase asmary rows astherearefinite
volumesin the computationaimesh. Massand stiffnessmatricesfor the bido-
main equationshave beenconstructedn previous studiesusingall of the classic
spatialdiscretisatiortechniquessuchasfinite differencemethods,’ 2" 22 finite
elemenimethodstt 2% 23 finite volumemethod& ® 2! andcollocationmethods? If
excitation-contractiomprocessearenotbeingmodeledhenthemassandstiffness

matricesarestationary

The systemof ordinary differentialequationsgiven by Eq. (6) is integrated



over adiscreteperiodof time from " to " to give:

tn+1 tn+1

M Yoy k[ vda-
75n+1 tn+1 I tn+1
K / o dt + M / on_ dt+M [ 'i(t)} dt. (8)

An importantissuein performingthis temporalintegrationis thatthe time scale
of the ionic membranecurrentprocessesjenotedby Iy, is muchsmallerthan
that of the intracellulardiffusion processesA fractional stepoperatorsplitting
proces$ 422 is usedwherean auxiliary problemfor the membraneprocessess
solvedfirst, followedby theintracellulardiffusion problem.

Theauxiliary termarisesfrom:

tn+1

AT I _Im
Vm+1 :/ _det (9)
t m

n

Wheref/Zr1 is apredictormembranepotentialandVZ = 0. Theauxiliary equa-

tion thatmustbe solvedfor the predictormembrangotential,V,,, is:

= - (10)

This equatiormaybe solvedusinganordinarydifferentialequationsolver appro-
priateto the natureof the cell modelthatwill be used*?343% Not only doesthe
time scaleof theionic membrangrocessasawholediffer greatlyfrom thetime
scaleof the intracellulardiffusion processput the time scalesof the processes
within the ionic membranecurrentsalsodiffer widely. This is referredto asthe
stiffnessof the systemof ordinarydifferentialequations.

Thetime integrationof Eq. (8) canbe performedn variousways. Theresults

presentedn this paperhave beencalculatedusingan identical split-stepuncou-



pling to thatof Buistetal.? For animplicit discretisatiorin time, thelinearsystems

to besolvedare:

(M — AtK) V™' = MV™ + ALK " + AtMV'™ ' +

At : At . .
1o M)+ 7 [S(Vi) +8 (¢ (11)
Lo:™ = —K Vi — oM [ii(t) + ()] -
1
1c. Sel@)+S(Vn)]  (12)

whereS andS; arevectorsourcesepresentinghe contritutionsfrom secondary
currentflux arisingfrom fibre coordinateghat are not orientedwith the spatial
discretisation.

An implicit temporaldiscretisations choserfor Egs.(11)and(12)to maintain
a broadcomputationaktability region. This is importantsincethe computational
mesheghat are usedmustbe highly resoled to representhe clearage planes.
This imposesa severetime steprestrictionif an explicit temporaldiscretisation
is used.Theresultinglinear systemsaresolved usinga preconditioneadonjugate
gradientmethodor generalisedninimum residualmethod. The majority of the
computationakxpensearisesfrom the linear solutionof Eq. (12). This Poisson
equatiorwith predominantlyNeumanrboundaryconditionss poorly conditioned
andit is bothdifficult andcomputationallyexpensve to constructa goodprecon-
ditioner that significantly accelerateghe iterative solution. Developingmethods
for improving thelinear solutionof Eq. (12) continuesto be an ongoingfield of

research.
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2.2 A Finite Volume Discretisation

We now introducea finite volumemethodfor constructinghe stiffnessandmass
matrices.To derive the spatialdiscretisatiorwe returnto the bidomainequations
givenin Egs. (2) and(3). The solutiondomainis formed from the union of
uniquenon-interpenetratindinite volumes. The currentconseration equations
areenforcedover eachfinite volume and henceover the entire solutiondomain.
For a singlefinite volume,(2;, anintegral expressionof the bidomainequations,
rearrangedisingthe divergencetheorem|s:

/ PICRALY / YV, - (emn)dl = | V¢, - (oum)dl —
Q; ot T; T;

/ (A (o — L) + i) 2 (13)
Q

J

/ Voo ((0e+ i) n)dl = —/ VVy - (oin)dl —

T, T,
/ (is + i) d© (14)

Q;
wherel'; is the boundaryof €2;. Theseequationgdescribethe balanceof current
fluxesthroughthe finite volume faces,with currentinjectedinto or transferred
throughthe membranento thevolume.

As is appropriatefor the interpenetratingdlomainsmodel of the bidomain
equationsthe intracellularand extracellularfinite volumessharethe samevol-
umeandfaces.The volumeof 2, is V; andthe boundaryof thefinite volumeis
expressedaisa sumof discretefacesl';;, eachwith areaF);. A finite volume(?;
hasn; facesnternalto thedomainandn? facesexternalto thedomain.Thefaces
in intracellular extracellularandextramyocardiabpaceareweightedby W;k W5,

and W7, respectrely. Theseweightsallow for the impositionof variablefluxes
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from volumeto volume. In thelimiting caseof anintracellularfacerepresenting

aclea/ageplane,W;' = 0. Externalfacesaresubjectto the boundaryconditions

givenin Egs.(4) and(5). Approximationgo Eqgs.(13) and(14) arethusgivenby:

75

= (VVa)jk - (oim) , Wi Fii

k=1

AVin i
¥,

nj

=" (V6o)se - (@im) s WikEje = (Amg (Lon = L), + 1) V)

k=1
(15)
D (Voo - (Wioe + Wio) n) . Fir + > (Voo)ik - (Gon) ;Wi Fi =
k=1 k=1
TLJ )
- Z(va)jk ) (O'in)jk Wi Eji (4 — ie)j Vj.
k=1
(16)

The finite volume discretisationsisedin evaluatingEqgs. (15) and (16) are

shovnin Fig. 1(a).

[Figure 1 near here]

2.3 Secondary Current Flux

Integralsover thefinite volumefacescanbe expressedsthe sumof primaryand
secondarylux terms!* The primaryflux is the currentflux normalto the volume
faceandthe secondarylux is the flux in the planeof theface.Fig. 1(b) shavs a
facenormalvector n, the unit vectorconnectingwo adjacentvolumecentroids,

v, andthe two unit in-facevectors,u andw = u x n. Thedecompositiorof a
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genericflux termonthefacel’; is:
V¢-(on)=aVe-v+ Vo -u+9Ve-w. (17)

Thefinal two termsareoftenreferredto asthe secondarylux andthefirsttermas
theprimaryflux. Thesecondarylux will bezerowhenwv andn arecoincideniand
o hasprincipaldirectionscoincidentwith n, u andw. Practically this condition
is metwhenthe computationameshof finite volumesis orthogonalandthe car

diac musclefibersareorientedalongthe meshcoordinatedirections,or whenthe
meshis curvilinearly orientedalongthe fibers. Hence,secondaryflux on thein-

ternalfacesof volumesmustbeaccountedor in orthogonalridsif thefibrefield

is not alignedwith the coordinatedirectionsandthe conductvity is anisotropic.
Thisis usuallythe casein practice.

The weightson the primary and secondaryflux are determinedoy vectoral-

gebraas:
B=(on) u—(on)- n% (19)

v-w

y=(on) -w—(on)-n (20)

v-n
If thedistancebetweerthecentroidsof thefinite volumes(2; and(2;, (lying on

the oppositeside of the jk face)is A, thenthe flux term canbe approximated

as:

qu-(an):a%ﬂ-l—ﬂVqﬁ-u—i-quﬁ-w (21)
jk

If the vectorsv andn arecoincident(asis the casefor an orthogonalcomputa-
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tional mesh) thenthe expressiorfor primaryandsecondarylux becomes:

Vo (om) = (o) - 1) P 4 ((on) - u)(V6 - w) + ((om) - w)(V6 - w)

(22)
The approximationof V¢ on the cell volume facesresultsin extra compu-
tationalcostsfor non-orthogonatomputationameshes.The applicationsof the
finite volume methoddescribedis this paperare madeon orthogonalmeshes.
Hence,secondorderfinite differencesareusedto evaluatepotentialgradientsat
finite volume centresand theseare linearly interpolatedonto the finite volume

faces.Fig. 2 shavs examplesof this.

[Figure 2 near here]

Whenthe meshis not orthogonaltherearea numberof possibleapproaches
to computingan approximationto V¢ on the finite volumefaces. For example:
radial basisfunctions(alsousedin meshfree method$®), least-squaregradient
reconstruction(LSGR) (alsousedin meshfree method$® and generalisedinite
differencemethods®), least-squaregolynomialreconstructiofLSPR)andlinear
shapefunctions(LSF)* canall be usedasinterpolatingfunctionsfor computing

approximationgo V¢ on non-orthogonameshes.
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Thesecondarylux functionsare:
S5 (9") = ZwF [((om) - ) (V6™ - )+
((0in) - 0);, (V6" -w), | (23)
Sy, (@) = ZwF [((on) - w),, (V6" ), +
((gen) - w);;, (V4" - w) ;| + 55 (¢"). (24)
Thesecontributionsareaddedo Eqgs.(11) and(12) assourceterms.

2.4 Discrete Representations of Cleavage Planes

Clearageplaneswhicharevisiblein freshtransmurabegmentsof left-ventricular
wall tissue(Fig. 3(a)) and even more visible in lightly fixed tissue,are clearly
seenin the dehydratecembeddedissuerequiredfor three-dimensionalmaging
andreconstruction.The reconstructedmagesof dehydratecembeddedissueof

Fig. 3(b)is partof theimagesetobtainedby Youngetal #

[Figure 3 near here]

A discreterepresentatiof cleasageplanesfrom the tissuesampleof Fig.
3(b) hasbeenobtainedpreviously.! The planeswere manuallyseggmentedfrom
imagesslicesanddescribedasbilinear finite elementpatches.Measurementsf
fiber orientationsverealsomadeandtheirtransmuralariationdescribedinearly.
Thebilinearfinite elementepresentationsf theclearageplanedogethemwith the

fiber orientationsareshown in Fig. 4(a).
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For thework presentedh this papera simplealgorithmwasdesignedandim-
plementedn computercodethatdeterminedvhich finite volumefacesof agiven
finite volume meshintersectedhe cleaszageplanefinite elementrepresentations.
This procesddentifiedthe finite volume clearagefaces. An exampleof the re-
sulting discreterepresentationf the cleavageplanesis shown in Fig. 4(b). This
approachallowed discretefinite volumerepresentationsf cleavageplanesto be

easilyconstructedor varyingmeshresolutions.

[Figure4 near here]

25 Tissue Modelsand Finite Volume M eshes

Structuredprthogonafinite volumemeshesvereusedin themodelingdescribed
in thispaper As discussee@arliersuchmeshesredesirabldrom acomputational
perspectre. In addition,thesemeshesareamenabléo automatiagenerationThe
approachusedin this researchwas identical to that describedby Buist et al.2
The geometryof the tissuewas describedby a finite elementmeshand within
eachelementa structuredmeshof finite volumeswas automaticallygenerated.
Thetissuesampleof Fig. 3(b) hasa rectangulaigeometryso the resultingfinite
volumemeshesvereorthogonal.

Severalmodelswereconstructed.The first two wereusedfor the purposeof
testingandvalidatingthe finite volume methodandthe remaindemwere usedto

considertherole of cleavageplanesin the activationof discontinuoudissue.
251 Modesfor Testing Computational Performance and Validation

Thefinite volumemethodanda tri-linear finite elementmethodidenticalto that

describedby Hookset al.!* wereusedto generatehe linearsystemsof Eqgs. (11)
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and(12). The sparsityof thesesystemsandthe performanceof a conjugategra-
dient solution for a testload vector was comparedbetweenthe methods. The
domainwasathree-dimensionatubewith equalmeshresolutionalongall axes.
No ionic currentmodelsweredefinedandatestloadvectorwith aL2 normof one
wasusedto drive the solutionprocess.The minimum, meanandmaximumCPU
timesrequiredto perform17 non-preconditionederationsof a conjugategradi-
entsolver on thefinite volumeandfinite elementsystemsveregatheredrom 12
solutionrunsfor eachlevel of meshdiscretisation.Calculationswvere performed
usingonel.3GHz Power 4 processobnan|BM RegattaP690.

The secondnodelwasatwo-dimensional 2 mm x 12 mm sampleof tissue
with equalmeshdiscretisationn both directions. This modelwasusedto com-
pareconductionvelocity in the fiber andcrossfiber directionsbetweerthe finite
volume method,the finite elementmethod! andthe finite differencemethodas
describedby Buist et al.? The tissuewas stimulatedat the midpoint by a trans-
membraneurrentinjectionandthe spreadingactivationwave modeledusingthe
bidomainequationsanda simplecubicionic model!® Thefibre directionwasset
to beat 45° to the horizontalover the entiredomain. Anisotropicfiber andcross-
fiber conductvities werespecifiedn theintracellularspaceof 0.2 mS mm~! and
0.02 mS mm~! andin theextracellularspaceof 0.2 mS mm~=! and0.1 mS mm™!
following previously suggestegbhysiologicalratios?® This fibre orientationwas
choserto provide the mostextremetestof the secondarylux calculationsn the
finite volume method. The local conductionspeedsn the fibre and crossfibre
directionsweredeterminedattwo samplepointswherethesedirectionswerenor-
mal to the activation wavefront. The local conductionspeedsvere calculatedoy

interpolationfrom the local activationtime field, specifiedasthe time of maxi-
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mum upstrole gradientin the transmembranpotential. The problemset-upand
samplepointlocationsareshown in Fig. 6(b). Six levels of spatialdiscretisation
from 1 mm 10 0.03125 mm weredefinedandatime discretisatiorof 0.01 ms was

used.
2.5.2 Extracellular Shock Simulation Models

A threedimensionaldiscontinuousnodelof the tissuesampleof Fig. 3(b) was
constructedusing the bilinear finite elementdescriptionof the clearage planes
projectedonto the finite volumemesh. An indenticalcontinuousmodelwithout
clearageplaneswas utilised for comparison.Both modelswere activatedby a
constanextracellulartransmurapotentialgradientof 6.7 V ¢m ™1, i.e., 2000 mV
acrosghe3.0 mm samplerepresenting shockstimulus. The Drouhard-Robeye
modified® BeelerReutet ionic currentmodelwith additionalrevisions® wasused.
Meshboundaryconditionswereimposedthat connectedogethercomputational
pointson opposingtransmuralfaces resultingin no explicit externaltransmural
boundariesThisis shovn in Fig. 5(a). This type of boundaryconditionwasused
to minimisethe effectsof suddemo-flux boundariesandwasappropriateasthe
shockstimuli wereappliedover the entireepi- andendocardiafaces.

A computationaimeshwith a resolutionof 0.01 mm in all directionswas
definedtogetherwith atime stepof 0.005 ms. Both the discontinuousandcon-
tinuousmodelsutilisedthe sameextracellularconductvities of 0.263, 0.1087 and
0.1087 mS mm ! in thefibre, sheetandsheet-normalirectionsrespectiely. The
intracellularconductvities in the discontinuousmodel were specifiedas 0.263,
0.0263 and0.0263 andthoseof the continuousmodelas0.263, 0.0263 and0.01

mS mm~! in thefibre, sheetand sheet-normatlirectionsrespectiely. The low
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sheet-normalaluein the continuousmodel was chosento implicitly represent

cleavageplaneinfluenceandfollows the valuedeterminedy Hookset al.1
2.5.3 Extracdlular Bipolar Midwall Stimulation M odels

A bipolar extracellularmidwall stimulusin the tissuesampleof Fig. 3(b) was
modeledusinga meshwith 0.02 mm resolutionanda time stepof 0.1 ms. The
anodeand cathodewere placedadjacenion eitherside of the midwall plane. A
cubicionic currentmodelwasused.Solutionsweregeneratedn a discontinuous
(with explicit cleavageplanes)anda continuougwithout clearvageplanes)model
with conductvitiesidenticalto thosedescribedor theshockmodels.Thesolution
domainwas paddedwith continuoustissuealongthe transmurafacesas shovn
in Fig. 5(b). This paddingremoved the immediateboundaryinfluencefrom the
region of interest(thetissuesamplebeingmodeled)andplacedit in thefar-field.
The meshresolutionwas cubically gradedin the paddingregion to minimisethe

numberof unknowns.

[Figure 5 near herel]

3 Reaults

3.1 Validation of theFiniteVolume M ethod and Computational
Comparison with other Methods

Thefinite volumesystemaave approximately75% fewer non-zeroentriescom-
paredto the finite elementsystementriesfor a givenmesh. Fig. 6(a) shavs the
comparatre mean,minimum andmaximumCPU timestakento performthe 17

non-preconditionederationsof a conjugategradientsolver on the finite volume
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andfinite elementsystems.

[Figure 6 near here.]

Thevariationof conductiorspeedvith meshresolutionin thetwo-dimensional
modelis shavn in the fiber directionat samplepoint 1 in Fig. 6(c) andin the

cross-fibredirectionat samplepoint 2 in Fig. 6(d).

3.2 Extracdlular Shock Stimulation

[Figure 7 near here]

Aspectf solutionsfrom theextracellularshocksimulationmodelsareshavn
in Figs. 7 and8. In Fig. 7 transmembranpotentialmapsshon depolarisation
occuringon the anodalsideof the cleavageplanes.Thesesourcedeadto a more
rapid transmuraldepolarisatiorcomparedo the continuousmodel. Also shavn
is the mapof regionsthroughoutthe discontinuousnodelwhich exhibit anearly
onsetof activation.

The centerlinetracesin Fig. 8 showv solutionsgeneratedor discontinuous
and continuoustissuemodelsby the finite volume methodand a finite element
methodat two differentmeshresolutions.Also includedare solutionsgenerated
using the finite volume methodwith a thicknessof 0.01 mm attributedto the

cleavageplanes.

[Figure 8 near here]
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3.3 Extracdlular Bipolar Midwall Stimulation

Figs.9(a)and9(b) show the positionsof theactivationwavefrontata sequencef
instancesn time for the continuousanddiscontinuousbipolar stimulusmodels.
Fig. 9(c) shows the activation time fields for the continuousand discontinuous
solutionson a selectionof transmuraplanes.Activationtimesabove 10 ms have

beencontoured.

4 Discussion

In this paperwe have presented finite volumemethoddevelopedfor large-scale
bidomainmodelingof electricalactivationin cardiadissue.Our principalgoalhas
beento supplimentthe finite elementmethodpreviously usedfor this purposé!
with a methodthat was computationallycheaperand in which the volume of
physicaldiscontinuitiesn the intracellulardomainwasnot overstated.We have
assessethe methodthroughcomparatre solutionsin anidealisedtestproblem
and by modelingsimilar problemsin discontinuousiomainsto thoseperformed
previously.?

Our finite volumemethodis deliberatelydesignedo be assimpleandasef-
ficient as possible. To this end, modellingis only undertalen in a rectangular
block of tissuewith an orthogonalregularcomputationamesh. The methodwe
presenis extendibleto non-orthogonalarbitraryandunstructuredneshesalbeit
with anassociatetbssin computationaperformancealueto additionalgeometric
calculationsand increasechon-zeroentriesin eachrow of the linear systemof
discreteequations.The systemsof equationsanbe easilyconstructedn parallel

andthe numberof non-zeroentriesperrow in thelinear systemsof equationsare
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small(< 7 in three-dimensionasopposedo traditionalfinite element! or recent
bidomainfinite volume?! methodswith up to 27 non-zeroentriesper row). Not
only arethesesparsematricesbeneficialfrom the perspectie of memoryusage,
but theinner productsrequiredto perform,for example,a conjugategradientso-
lution canbeevaluatednoreefficiently. Thisis shovnin Fig. 6(a). No distinction
betweerthe systemarisingfrom the parabolicEg. (11) andtheelliptic Eq. (12)is
necessargincethetestis looking attheinnerproductcostwhich is relatedto the
sparsitypatternandthis is identicalfor both systemsn the absencef clearage
planes.Thesystemf equationsarisingfrom thefinite differencemethodarenot
symmetricdueto the explicit representatiomf Neumannboundaryconditions?
Hence they cannotbesolvedusingthe conjugategradientmethodandotheritera-
tivemethodsnustbeused.Giventhatthereareapproximatelyl 9 non-zercentries
perrow in thefinite differencesystemof equationg, the curve representingCPU
solutiontimesfor a symmetricsystemwith an equialentsparsitywould lie be-
tweenthefinite volumeandthefinite elementcurvesof Fig. 6(a). Theemphasis
on storageand computationakfficiency hasbeenmotivatedby the fact thatthe
meshresolutionrequiredio geometricallycapturethe cleavageplaness typically
greatethanwhatwould berequiredto adequatelyatureactvationwavefrontsin
continuoudissue!® 34

The resultsof Fig. 6 showv that the secondanyflux approximationsusedby
the finite volume methoddo not appearto be detrimentalto its accurag when
modelingusing physiologicalparameters.The finite elementmethodwith lin-
earinterpolationwill have a smallertruncationerrorfor a givenmeshresolution
comparedo thelower orderfinite volumemethodandsowill corvergewith dis-

cretisationfaster(this canbe obsenredin Figs. 6(c) and6(d)). However, therate



22

of increaseof iterative solver costis greaterfor the finite elementmethodandat
approximatelyl.7 million degreesof freedomit is well overtwice asexpensveas
thefinite volumesolutions.For theresultsshovn in Fig. 7 thereareover 1.9 mil-
lion degreesof freedomin eachsystem.The gainsin computationaperformance
of the finite volume methodcomparedo othermethodsappearto outweighary
possibledetrimentalaccurayg effects dueto representinghe secondaryflux as
explicit sourceterms.

The shocksolutionsof Fig. 7 reinforcethe obserationsmake by Hooksand
co-workers!! Among the principal differencesbetweenthe solutionsand these
finite volume solutionsis thatthe tissueis not depolarisedo the sameextentin
the region of the clearage planesclosestto the endocardialsurface. A source
of this differencemay be elucidatedfrom the spatialtracesshown in Fig. 8. It
canbe obsenedthatincreasingthe volume associatedvith the clearzagebreaks
in the finite volume solutionresultsin the activation wave betterresemblingthe
finite elementsolution. In additionto the cleavageplanevolume,the numerical
boundaryconditionsappliedto the shockstimulationmodelin this work differ
from the previouswork.

Recentexperimentalresultsprovide evidencefor transmuralvirtual source
formationin a wedgepreparatiorwith transmurallyappliedshocksof a similar
magnitudeto thoseusedin this work.28 Althoughit is unclearwhateffect the cut
surfacewill have ontheformationof thesevirtual sourcestheauthorsdiscusghe
possibilitythatthey arisedueto microscopiaiscontinuitiesn thetissuestructure.

We have presentedipolar extracellularstimulationresults(Fig. 9) sincethis
protocolis usuallyusedin experimentsundertalenin our laboratory The gross

characteristicef theactivationwavefrontsof the bipolarextracellularstimulation
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differ only slightly betweerthe continuousnodelandthediscontinuousnodelas
seenin Figs. 9(a) and9(b). However, the mapsof actvationtimesfor the dis-
continuousmodelclearly shav regionsof early activation surroundedy regions
of later activationin Fig. 9(c). The zy-midplanemaps(which arein the mid-
wall fibre plane)of activationtimesshow the virtual anodesassociateavith the
stimulatingcathodeandthe virtual cathodesassociatedvith the stimulatingan-
ode. The classicdog-boneshapearoundthe cathodeandanodemake stimulation
regionsis alsoobsened, albeitmoreclearly in the continuoustissuecase.Both
thesebehaiors have beenillustrated experimentallyfor unipolar stimulation°
Thedifferencedetweerthe early andlate activationsin theseisolatedregionsis
around5 ms. This time-framefor discontinuousactivation could easily be reg-
isteredby fortuitously placedextracellularelectrodesn an experimentalprepa-
ration samplingat 1 kHz. We have also generatedsolutionsin a model with
a transmembranenidwall stimulussimilar to that presentedn previous work.*
Theseadditionalsolutionsshowv activation behaior awvay from the stimulussite
thatis almostidenticalto the bipolar results,including regions of isolatedearly
activation. Thecombinatiorof thebipolarextracellularstimulusresultspresented
hereandthetransmembraneesultsfurtherreinforcetheconclusion®f thestudies
of Hooksandco-workers?!!

Ouir finite volumemethodhasenabledus to solve larger problemsmore effi-
ciently thathadbeenthe casewith previous explicit cleavageplanebidomainac-
tivationmodeling. Ongoingwork in our laboratoryis now consideringquestions
of reentrantactivationin largertissuesamples.Thiswill requirean extensive de-
scriptionof cardiactissuestructurein a muchlargertissuesamplethanwhathas

beenusedasthe basisfor the resultspresentedhere. We have alsoaddressethe
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modelingissuein previouswork of non-ngligible volumebeingattributedto the
clearageplanesandintroducednew capabilitiesn termsof boundaryconditions.
Ongoingwork alsoincludesinvestigatingthe featureof the modelwherethein-
tracellularcurrentflow acrosscleavageplanesis modifiedfrom impermeableo
fully permeable.Suchmodelingwould enablestudiesof the validity of coarser
modelsof cleavageplanesto be carriedout. It would alsoenablethe investiga-
tion of the effectsof smallcurrentleakageacrosscleavageplanesarisingperhaps

from intermyogyte electricfield interactions®? 3!

5 Conclusions

In this paperwe have describeda finite volume discretisationof the bidomain
equationghathasbeendesignedo enablehe modellingof adiscontinuousntra-
cellulardomain,notablywith theexplicit inclusionof electricallynon-conducting
clearageplanes.Theuseof a methodthatdoesnot assignvolumeto thecleavage
planeshasbeenshavn to quantitatvely affect the depolarisatiorof the discon-
tinuoustissueunderextremeextracellularpotentialgradients.The finite volume
method, as presentechere, had a lower computationalcost comparedto other
methodsandthis madeit amenabldor solvingthelarge systemsf equationghat
resultedrom thespatialresolutionrequiredto capturehe essentiafeaturef the
cleavageplanes.

Theresultspresentetereaddedfurther modelling validationto the conclu-
sionsof Hooksetal.!! thatcleazageplanediscontinuitiesverelik ely to contribute
significantlyto a discontinuougpropagatiorof electricalactivation. As such,the

provide a mechanisnfor explaining the bulk activation of myocardiumin the
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presencef large extracellularpotentialgradients.Clearly this hasimportantim-
plicationsfor thedefibrillation of cardiactissue.

Furtherwork is being conductedo usethe finite volume methoddescribed
herefor betterunderstandingheimplicationsof discontinuousctivationfor both
normalandabnormalcardiacexcitation. This includesmodelingdefibrillationin

largertissuesamplesvheretherearepre-eisting reentrantactivationwaves.
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Figure Legends

Fig. 1

Fig. 2

Fig. 3

A finite volume meshand components.(a) A volume j within the finite
volume mesh. The lower faceis a no-flux intracellularfacemodelling a
cleavageplane. An adjacentvolumeto the right is denotedasvolumek.
(b) Primaryandsecondanflux througha finite volumeface. The primary
flux is normalto the faceand the secondaryflux lies in the planeof the
face.u andw aretwo in-facevectorsthatareorthogonako eachotherand
thevectornormalto theface,n. In theresultspresentedn this paper v is
coincidentto n andthe secondarylux arisesdueto the anisotroyy of the

intra- andextra-cellularconductvities.

Finite differencaemplatedor computingderivativeapproximationgor sec-
ondaryflux calculationson anorthogonalfinite volumemesh.(a) Standard
second-ordefinite differenceapproximationdor a finite volumewith full

flux intracellularfaces. (b) Secondorderfinite differenceapproximations

for afinite volumewith ano-fluxintracellularface.

lllustrations of cleavage planesbetweensheetsof cardiacmyocgytes. (a)
Porcinecardiacleft-ventriculartissuethat has beenperfusionfixed with
formalin and stainedby brushingthe surface with Evansblue dye. (b)
A confocalmicroscopescanof dried andresinembeddedat cardiacleft-
ventriculartissuein two- andthree-dimensionaliews. Furtherdetailsmay
be found in LeGrice et al.!® The physicaldimensionsof the sampleare

3mm x 0.8 mm x 0.8 mm.



Fig. 4 Discreterepresentationsf cleaszageplanes. (a) The sggmentedclearage

breaksandfibre andsheetirectionsof theblock of ratcardiactissueshovn
in Fig. 3(b). The clearagebreaksarerepresenteadshbilinear surfaces.(b)

The cleavageplanesprojectedontoanorthogonafinite volumemesh.

Fig. 5 Finite volume meshes. (a) Continuousboundarywrappingon a regular

mesh. (b) An exampleof the meshgradingusedto extendthe rat cardiac

tissuesample.Thisview is of the epicardialface.

Fig. 6 Finite volumemethodvalidationandtiming results.(a) MeanCPUtimes,

Fig. 7

over 12 samplesyequiredto perform 17 unpreconditionedtepsof a con-
jugategradientsolver on the systemsarisingfrom finite elementandfinite
volume discretisation®f the bidomainequations.Error barsindicatethe
minimumandmaximumCPUtimes. (b-d) Validationresultscomparinghe
convergenceof dervedconductiorspeedsn fibre andcrossfibre directions
at two samplepointsfor finite element finite volume andfinite difference

methods.

Activationresultingfrom a transmurakhockof 6.7 V ¢m™! in therat car
diac sampleof figures3(b) and4. Panels(a) and(b) shav how in a model
with clearagebreaksexplicitly modeledyvirtual sourceon the anodalside
of the cleavageplanesactto rapidly depolariseacrosghewall. In contrast,
panel(c) shawvs thattransmuralactivationis slower for a modelwith con-
tinuousconductvities. Panel(d) shovs, for asetof regularly spacedsample

pointsthroughoutthe volume,the pointswith activationtimeslessthanor



Fig. 8

Fig. 9

equalto 3 ms. This panelindicatesthat thereare significantand disjoint
regionsacrosshe wall thatare quickly activatedfollowing the application

of anextracellularshockstimulus.

A comparisorbetweerfinite elementandfinite volumetransmembranpo-
tential solutionsalongthe centrelineof the rat tissuesampleof Fig. 3(b).
Solutionsareshownn atvaryinggrid resolutionsandaregivenfor continuous
aswell asdiscontinuousnodels.The continuousanddiscontinuougesults
shaw similar characteristicbetweerthetwo solutionmethods A key result
hereis thatthefinite volumeresultswith anartificial cleaszagevolumemore
closelyresemblehefinite elementresultsthanwith zerocleavagevolume.
This underscoreghe importanceof thefinite volumemethoddevelopedin

this paperwith its ability to assigmno modellingvolumeto cleavagebreaks.

Activation times and wavefrontsfor a bipolar extracellularmidwall stim-
ulus. (a) The positionof the actvation wavefront at selectedimesin the
continuougissuemodel. (b) The positionof the activationwavefrontat se-
lectedtimesin the discontinuougissuemodel. (c) The activationtimeson
a setof sampleplanesthroughthe midwall. Althoughthe activationwave-
frontsof (a) and(b) resembleoneanothertheactivationtimesclearlyshav

adjacentegionsof discontinuousctiation.
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(a) Position of activation wavefront at selected
timesin continuousnodel.

(b) Position of activation wavefront at selected
timesin discontinuousnodel.
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