
Chapter 3

Ordinary Differential Equations

Many engineeringproblemsrequirethe solution of ordinary differential equations(ODEs). In

somecasestheseODEscanbe solvedanalyticallyto provide an exactsolution. However it will

oftenbethecasethatananalyticsolutioncannotbefound(For example,considertheinitial value

problem
����������	��
 ����
������ ��� 
 ��� . Thisequationis non-separableandnonlinearwhichmakesit

difficult to solve). An approximatesolutioncanstill begeneratedusinganumericalmethod.

In this chapterwe will look it somenumericalmethodsthat canbe usedto solve ODEs. In

particularwewill considerfirst-orderODEsof theform
������������ ������
 . Higher-orderODEscanbe

writtenasasystemof first-orderODEssothisapproachcanbeappliedto almostany ODE.In this

chapterwe will restrictour interestto initial valueproblemsi.e., caseswhereinformationabout
�

(andits derivativesfor higher-orderproblems)is known at somestartingreferencepoint
���

.

Thenumericalmethodswe will considerareall “step-by-step”methods.This meansthatwe

will startfrom theknown solution
���

at
���

andproceedstepwise.In thefirst stepwe take a step

of length  andestimatea solution
�"!

at
�#! � � � 
  . In thesecondstepwe usethevalue

�"!
asa

pseudo-initialvalueto estimateasolution
� �

at
� � � � ! 
  � � � 
%$  . Proceedingin thismanner

wewill beableto constructanapproximatesolutionfor
�

overaspecifiedrangeof
�
.

3.1 Euler’s Method

3.1.1 Derivation

This methodcanbe usedto solve first-orderODEsof the form
������ �&�'� ������
 with initial value� � ���(
 � �)� .

All themethodswewill considerin thischapteruseaseriesof approximationsto thederivatives

in aTaylor’sexpansionoverafinite region. Eachof thesemethodsmatchestheTaylor’sexpansion

to someorder. Theomissionof higher-orderTaylor’sseriestermsin theapproximationmeansthat



3* .1 EULER’ S METHOD 21

eachmethodwill have anassociatedtruncation error. TheEulermethodis thesimplestof these

methodsin that it only approximatesthe first derivative of the function andthis is simply done

usingafirst-orderfinite differenceapproximationto theslope.
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FIGURE 3.1: Stepsin Euler’s method.

Thefinite differenceapproximationto thederivative is:�������, + �+ � � ��-�. !0/ ��- ���21 � - ��� -43 (3.1)

Thiscanberearrangedto give � -5. ! � � - 
  � 1 � - ��� - 3 (3.2)

3.1.2 Implementation

For exampleconsidertheequation
������ �6�	�7
 ����
	� with

� �8� 
 �&� . Solving this equationusing

Euler’smethodwith steplength  ����9:� gives:; ��- �)- � 1 ��-<�=��- 3 � 1 �7
 ��-4�)- 3 � �)-5. ! � �)- 
  � 1 ��->����- 3� � � �	��
��8� 
 �?� 
@
 � �A� ��
B��9:�C�A��9D�� ��9:� �<9D� �?�7
E����9D� 
 �?�<9D� 
@
 � ����9F$<G�$)� ��9:�7
E�8��9D� 
 �?��9F$<G�$)� 
 ����9F$�$<G�$��$ ��9F$ ��9F$�$<G�$�� �?�7
��8��9F$ 
 �	��9F$�$<G�$�� 
=
 � �H��9FI>J�K�� ��9L$<$<G�$��M
��8��9:� 
 �	��9FI>J�K�� 
 ����9NG�O<P��G ��9NG ��9NG�O<P�� �	��
��8��9NG 
 �?��9NG�O<P�� 
=
 � �H��9FK<K�O<P ��9NG�O<P��7
E����9:� 
 �	��9FK<K�O<P 
 �H��9FI�O�O<KJ ��9QJ ��9FI�O�O<K etc.
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3.1.3 Error Estimation

If
� � ��� 
  
 is theexactvalueat

��� 
  then,by Taylor’sseries:� 1 � � 
  3 � � 1 � �R3 
  ��S 1 � �R3 
  �$ �)S S 1 � �R3 
T949U9� � 1 � �R3 
  �21 � � ��� ��3 
  �$ ��S S 1 � �R3 
V9U9U9� Euler’sMethodestimate
XWE1  � 3 (3.3)

Thereforethe error in onestepis WY�  � 
 which meansthe truncationerror involvestermswhich

areproportionalto  � or higherpowers.

If we halve the steplengththenthe error per stepis proportionalto Z  $0[ � �  �J but to get

to the samepoint we must do twice as many stepswhich meansthe error at the final point is\^] $ Z  �J [ �  �$ . Thereforeby halving the steplengthwe halve the error. Similarly if we

doublethesteplengthwedoubletheerror. Theerrorfor Euler’smethodis proportionalto thestep

length. For this reasonEuler’s methodis termeda first-ordermethod. In generalif a methodis

saidto be _ -th orderit will havea truncationerrorof WY�  �` . !@
 .
3.1.4 Stability

TheEulermethodis only afirst-orderaccuratemethod.Thereforein practiceit is generallyneces-

saryto usesmallsteplengthsto achieve stableandaccuratesolutions.For example,considerthe

equation
� S �ba � . Thesolutionto this equationis

� �dcUe	f which will bea decayingexponential

for ahgi� . Applying theEulermethodto this equationgives:� ! ���?�7
  a 
�� �� � ���?�7
  a 
�� ! �j�?�7
  a 
 � � �� - ���?�7
  a 
 - � � (3.4)

Thereforeif k �7
  a k)l � then
��-

will increasein value.But if ahgY� wewant
�)-

to decrease.This

impliesthat(for ahgY� ) werequire
/ �mg��n
  aog�� /qp �n
  a l / � /rp  a l / $ /rp  g / $a .

Thereforethe stability criterion for the Euler methodto give stablesolutionsfor this problemis g / $a .
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3.2 The Improved Euler Method

3.2.1 Derivation

Euler’s methodusestheslope(i.e., thevalueof
� S

) at
� -

to predict
� -5. !

. If theslopeis changing

significantlyoverthesteplengththenEuler’smethodwill giveaninaccuratesolution.An improved

methodcanbedevisedby averagingtheslopesat
�)-

and
��-5. !

.
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FIGURE 3.2: Eulerpredictionfor theimprovedEulermethod

ConsiderFigure3.2.At A theslopeis givenby
� S �E�'� � � ��� � 
 . At B theslopecanbeestimated

as
� S �E� 1 ��� 
  ����w 3 whereusinganEulerestimation

��w � �)� 
  ��� ���x���)�5
 .
Now insteadof usingjust theslopeatA to obtain

�)-5. !
wecanimprovetheEulerpredictionby

usingtheaverageslopefrom A andB asshown in Figure3.3.
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FIGURE 3.3: ImprovedEulerestimateusingtheaverageslopeat thecurrentpointandtheEuler
predictedpoint.
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Hencefor theimprovedEulermethod� ! � � � 
  ~} averageslope� � � 
  $�� ��1 � � ��� ��3 
X��1 � � 
  �=� w�34� (3.5)

TheImprovedEulerMethodusesthis approachto approximatethesolutionat
� -5. !

as:� -5. ! � � - 
  $�� � 1 � - ��� - 3 
Y� 1 � -5. ! ��� - 
  � 1 � - �=� - 3n34� (3.6)

The ImprovedEulerMethodis anexampleof a predictor-correctormethod. In this first stepthe

value
� w is predictedusingan Euler step. This allows extra slopeinformationto be determined

whichcanbeusedto makeacorrectedestimateof
�)-5. !

.

The Improved Euler Method is a second-ordermethodi.e., truncationerror � WX�  �� 
 . The

Improved Euler Methodis morecomputationallyexpensive thanEuler’s Methodbut it provides

moreaccuratesolutions.

3.2.2 Implementation

For exampleconsidertheequation
������ �6�	�7
 ����
	� with

� �8� 
 �&� . Solving this equationusing

theImprovedEulerMethodwith steplength  �E��9:� gives:; ��- ��- � - � -5. !� � -5. !� �)-5. !� � � � �<9D� �?�7
B��9D���?��9:� 
=
 � ����9F$<G�$�� �7
 ��9:�$ �?�7
V��9L$>G�$�� 
 �A��9D�<���x�� ��9:� �<9D���<�x� ��9F$<G<J�O ��9F$<G�I�� ��9FI�I�I�� ��9L$<I����$ ��9F$ �<9L$�I)��� etc.

where � - � 1 ��
 ��-4�)- 3 � , � -5. !� � �)- 
  � - , � -5. !� � 1 �7
 ��-5. ! �)-5. ! 3 � and
��-�. ! � ��- 
 $ 1 � - 
Y� -5. !� 3

.


