Chapter 4
| nterpolation

It is often the casethat an engineerneedsto find the value, at somearbitrary point, of some

unknown functionwhichis definedby asetof measuredatae.g., steantablesin thermodynamics.
This problemis definedasfinding the valueof somefunctiony at somepointz # z; givena set

of datain theformy; = y(z;), ¢ = 0,..., N i.e, we wantto find the functiony (z) which best
“fits” thedata.Interpolation is the namegive to the problemof finding y (z) whenz is inside the

rangeof the givendatai.e.,, z, < r < zx andextrapolation is the namegivento this problem

whenz is outside therangeof thegivendatai.e., x < xy or z > zx. In this chaptemnwe will only

be concernedvith interpolation.

4.1 Polynomial Fitting

One possiblesolutionto an interpolationproblemis to find the unique polynomial of order N
which passeshrougheachof the N + 1 datapoints. If the polynomialis of theform

y(z) = ag + a17 + apx® + -+ - + ayz™ (4.1)

thenthe a; coeficientsof the polynomialarerequiredto satisfythelinearsystem

2 N
1 2o xy -+ ag Yo
2 N
1 =z 27 -+ =7 a1 Y1
1z 22 -+ 2| [ax| = | v (4.2)
2 N
I zy zy -+ xy| |on YN

Thematrixin Equation(4.2) is a Vandermonde matrix of order N + 1. It shouldbe notedthat
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Vandermondenatrices)ik e Hilbert matricesarenotoriouslyill-conditioned.

Oncethelinearsystemin Equation(4.2) hasbeensolvedthe valueof the unknovn function at
somepointcanbefoundfrom Equation(4.1). Unfortunatelythis polynomialinterpolationscheme
hasa numberof problemswhich meanst is notusedin practice.Someof thesereasonsre:

1. If the value of the interpolatedfunction is only requiredat a small numberof pointsthe
amountof work requiredto calculatethesevalues(i.e., theamountof work requiredto solve
Equation(4.2))is significantfor problemswith alarge numberof datapoints.

2. TheVandermondenatrix is ill-conditionedfor a large numberof datapointsandhencethe
polynomialcoeficientsarehardto calculateaccurately

3. For alarge numberof datapointsthe resultanthigh-orderpolynomialcanoscillatewidely
betweenthe datapoints or outsidethe datarange. This is shavn in Figure4.1. Thisis a
particularproblemif thedatapointscontainsomeerror(asmostmeasurediatadoes!).

“Real” function

Interpolatedoolynomial

FIGURE 4.1: Oscillationsbetweerthe datapointsin a high-ordemolynomialinterpolation.

4.2 Lagrangian Interpolation

To avoid the problemsof polynomialinterpolationwith alarge numberof datapointsLagrangian
interpolationis used.Lagrangianinterpolationbreaksthe rangeof theinterpolationinterval into a
numberof sub-intenals. A (low-order)polynomialis thenusedto interpolatethe datawithin this
sub-interal.
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4.2.1 Linear Interpolation

Considerallowing a linear variationof y with z within aninterpolationinterval I; = [z, z;11].
Thisis shovn in Figure4.2.
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FIGURE 4.2: LinearLagrangdnterpolation.

Fromthe geometryof Figure4.2 theinterpolationformulawithin this sub-intenal is

A

Y
yi (@) = y; + 1 (@~ ;)
Yi+1 — Yj (4.3)
Yj P ( 7)
Notethatthis linearinterpolationformulacanberearrangedo give
r—x; r —T;
yj (z) = 2Ly + Y (4.4)

J
Tj = Tj+1 Tjr1 — T

thatis theinterpolationformulaconsistof a sumof onepolynomialperdatapoint within the sub-
interval. Eachdatapoint polynomialhencesenesto weight the overall interpolatingpolynomial
in termsof the datafunctionvaluesattheindividual datapoints.

4.2.2 Quadratic Interpolation

Considemow allowing a quadraticvariationinsidea sub-intenal containingthreedatapoints. To
do this we extendthe ideaof having a weightedsum of polynomials. In this casewe have three
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polynomials(onefor eachof the datapoints)i.e.,

Yy () = Ly (x) y1 + Ly (x) yo + L3 () y3

= Z Li (z) yi (4:5)

i=1,3

Note thatwith three(or more)datapointsmakingup a sub-intenal we areat someliberty as
to which threedatapointsareusedto interpolatea particularvalueof z.

To ensurethatthe interpolationfunction passeshroughthe datapointsthe L; (x) polynomial
needdo beequalto 1 atz = z; andbe equalto 0 atall the otherdatapointsi.e., z = z;, j # i.
Thisis shavn graphicallyin Figure4.3.
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FIGURE 4.3: Thethreequadratid_agrangepolynomials.NotethatL; (z) is 1 atz; and0 atthe
othertwo points.

FromFigure4.3thesequadratigpolynomialsarehence

(x — z3) (x — x3)

Life) = (x1 — x2) (71 — 73)
(z —21) (z — x3)

Ly (z) = (y — 1) (5 — 23) (4.6)
(x —z1) (x — x2)

La (o) = (z3 — 1) (T3 — T2)

As an exampleconsidera quadraticLagrangeinterpolationbetweenthe points: (1, 8), (2,1)
and(4,5).
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Theinterpolationformulafor this exampleis hence

(2 —-2)(xz—4) (x—1)(x—4) (x—1)(x—2)
=yt T eone-y taya—y”?
:g(x—Z)(:E—él)——(x—l)(x—4)+g(:v—1)(x—2) (4.7)
{ =32 — 16z + 21}
To checkthis formulawe canevaluateit at oneof the datapointsi.e.,
Y1) =2 (1= (-4 = S (1= -4+ (1-1)(1-2)
3 2 6 (4.8)
=8+0+0=328
To usethis formulaconsiderfinding the valueof y (3) i.e,
Y =5B-2B-4) -5 B-1)E-9+:(3-1(3-2)
:2.—1—%.%%2 (4.9)
=0

4.2.3 General Form

In generalam™ orderLagrangiarinterpolationinvolvesm + 1 datapointsandhencetheinterpo-
lation formula

m+1

y(z) = Z L; () yi (4.10)

wherethe Lagrangepolynomials,L; (x), aregivenby

:L‘. — - _ . . .
i=lmilgzi T 0 ifz=uw;)#1

L= ]I x_fcj?{l e (4.11)

For exampleconsidern = 3 (cubicinterpolation).In this casetheinterpolationformulais

y(x) = L1 () y1 + Lo () yo + L3 () y3 + L4 (x) ya (4.12)
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andthe Lagrangiarpolynomialsare

T —T9g T —T3 T — T4

Li(x) =
1() L1 —To2X1 —T3T1 — T4
r—T1 X — T3 T — T4
Ly (z) =
Lo — X1 Lo — T3 L9 — T4
Ly (x) T—T1 T— Ty T— X4 (4.13)
) =
’ T3 —T1 X3 —T1T3 — T4
r— 1 X — T2 T — T3
Ly(z) =

Ty — X1 T2 — T4 Tg — T3

Thereis oneproblemwith Lagrangianinterpolationin thatthe derivative of the interpolated
functionis not continuousacrosd.agrangesub-intenal boundariesThis is shovn in Figure4.4.
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FIGURE 4.4: Discontinuityin the slopeof theinterpolatingfunctionacrossa Lagrange
sub-interal boundary

4.3 Cubic Splines

In orderto overcomethe discontinuityin the slopeof the interpolatingfunction with Lagrangian
interpolationcubic splinesareused.Splinebasednterpolationbreakgherangeof theinterpolation
into N sub-intenals of theform I, = [z;,z;41]. Cubic polynomialsarethenusedto interpolate
the unknavn functionwithin eachsub-intenal. Thesepolynomialsare chosersothatthe overall
interpolatingfunctionis continuousand thatthe overallinterpolatingfunctionhascontinuoudirst
andsecondleriatives.

To calculatethe cubic splineinterpolationpolynomial considera cubic polynomialp; () on
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thesub-intenal I; of theform
p; (z) = a0+ a1 (x — z;) + ag (x — z;)° + as (x — z;)° (4.14)

Now the cubic spline polynomial must agreewith the datavaluesat the end points of this
intenali.e.,

pj () =y; and p;(zj41) = yjn (4.15)

and,asthe splinehasa definedfirst derivative, we canalsowrite
P (zj) =k; and p;(vj41) = kjn (4.16)

wherek; is thevalueof thefirst derivative of the unknown functionat the point z;. Therearetwo
casego consider Thefirst caseis whenk, andky aregivenvalues.The secondcaseis wherek,
andky areunknawvn. For thefirst casethe valuesof the derivativesof the unknown functionatthe
N — 1 internalpoints(ky, ... , ky_1) henceneedto bedetermined.

To determinethe unknowvn k; valueswe substituteEquations(4.15) and (4.16) into Equa-
tion (4.14)to give the systemof equations

(10 0 0] [q y;
01 0 O k.
00 x 1| o= L (4.17)
Z Qs Yirr =Y — ¢
2 3
_0 0 a C—JQ__ as kj_|_1—kj
1
wherec; = ———.
Lj+r1 = L5 .
Thesolutionto Equation(4.17)is
ap = Yj
a; = k;
P (4.18)

az = 3¢ (Yjr1 — ) — ¢ (ki1 + 2Kk;)
as = 2¢; (y; — yj11) + & (kjpa — kj)

Thusfrom Equation(4.18)the cubicsplineis determinedncethe k;’s have beendetermined.
To find thesevaluesconsiderdifferentiatingEquation(4.14) twice andevaluatingit atz = z; to
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give

p;-' (z;) = —6c§yj + 60§yj+1 — dcjk; — 2¢ikjiq (4.19)
andevaluatingit againatz = z;,; to give

p;-' (zj41) = 6c§yj — 6c§yj+1 + 2¢jk; + ¢k (4.20)

Now, by definition, the cubic spline hasa continuoussecondderiative at eachof the j =
1,..., N — 1linternalpoints. This givesthe conditions

pi 1 (x5) = P (25) j=1,... ,N—-1 (4.21)

HenceequatingEquation(4.19) and Equation(4.20) with j replacedby j — 1 yields N — 1
equationf theform

cjrki1+2(ci1 — ¢5) ki + ¢k =3[ (Y — yi-1) + & (i1 — )] (4.22)

forj=1,..., N — 1. Solutionof Equation(4.22)yieldstheunknown valuesof k1, ... , kn_;.

For the specialcaseof equallyspacedlatapointsi.e., xg, 1 = 2o + h, ... , , = o + nh we
have c; = ——— = — andsoEquation(4.22)becomes
Tjt1 — Ty h
3
kj_l + 4]€j + kj_|_1 = E (yj+1 — yj_1) (423)

forj=1,...,N —1.

Henceoncethe unknowvn valuesof the k;’s areknown Equation(4.18) canbe usedto defined
the splinecoeficientswhich canthenbe usedin Equation(4.14)to definetheinterpolatingcubic
splinein the sub-interal 7;.

For the secondcaseof a cubic splinein which k, and k5 areunknaovn we canstill definea
cubic spline by fixing the value of the secondderivative of the interpolatingpolynomialto zero
atthe pointszy andzy i.e., pj (zo) = 0 andp’,_; (zx) = 0. Suchsplinesareknown asnatural
cubic splines. For naturalcubicsplinestheunknown k& andk v valuescanbefoundby addingtwo
extra equationgo Equation(4.22). Theseequationsarefound by settingEquation(4.19)to zero
for j = 0 andEquation(4.20)to zerofor j = N — 1 to give

4eokg + 2coky = —6¢5yo + 6y (4.24)
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and

QCN_lkN_1 + 4CN_1/€N = 6C?V71yN_1 + 60(2)311 (425)



