
Chapter 4

Interpolation

It is often the casethat an engineerneedsto find the value, at somearbitrary point, of some

unknown functionwhichis definedby asetof measureddatae.g., steamtablesin thermodynamics.

This problemis definedasfinding thevalueof somefunction � at somepoint ���� ��� givena set

of datain the form � � � ��� ���
	 , � �
������������� i.e., we want to find the function ��� ��	 which best

“fits” thedata.Interpolation is thenamegive to theproblemof finding ��� ��	 when � is inside the

rangeof the given datai.e., ����������� � andextrapolation is the namegiven to this problem

when � is outside therangeof thegivendatai.e., �"!���� or �$#%� � . In this chapterwe will only

beconcernedwith interpolation.

4.1 Polynomial Fitting

Onepossiblesolution to an interpolationproblemis to find the uniquepolynomial of order �
whichpassesthrougheachof the �
&�' datapoints.If thepolynomialis of theform

��� ��	 ��( � &)(�* � &)(,+ � + &�-.-.-.&/( �0� � (4.1)

thenthe ( � coefficientsof thepolynomialarerequiredto satisfythelinearsystem12222222
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Thematrix in Equation(4.2) is a Vandermonde matrix of order �8&9' . It shouldbenotedthat
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Vandermondematrices,likeHilbert matrices,arenotoriouslyill-conditioned.

Oncethelinearsystemin Equation(4.2)hasbeensolvedthevalueof theunknown functionat

somepointcanbefoundfrom Equation(4.1).Unfortunatelythispolynomialinterpolationscheme

hasanumberof problemswhich meansit is notusedin practice.Someof thesereasonsare:

1. If the valueof the interpolatedfunction is only requiredat a small numberof points the

amountof work requiredto calculatethesevalues(i.e., theamountof work requiredto solve

Equation(4.2)) is significantfor problemswith a largenumberof datapoints.

2. TheVandermondematrix is ill-conditionedfor a largenumberof datapointsandhencethe

polynomialcoefficientsarehardto calculateaccurately.

3. For a large numberof datapointsthe resultanthigh-orderpolynomialcanoscillatewidely

betweenthe datapointsor outsidethe datarange. This is shown in Figure4.1. This is a

particularproblemif thedatapointscontainsomeerror(asmostmeasureddatadoes!).
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FIGURE 4.1: Oscillationsbetweenthedatapointsin ahigh-orderpolynomialinterpolation.

4.2 Lagrangian Interpolation

To avoid theproblemsof polynomialinterpolationwith a largenumberof datapointsLagrangian

interpolationis used.Lagrangianinterpolationbreakstherangeof theinterpolationinterval into a

numberof sub-intervals. A (low-order)polynomialis thenusedto interpolatethedatawithin this

sub-interval.



4
:

.2 LAGRANGIAN INTERPOLATION 27

4.2.1 Linear Interpolation

Considerallowing a linear variationof � with � within an interpolationinterval EGF �IH �JF � �JFLK *NM .
This is shown in Figure4.2.
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FIGURE 4.2: LinearLagrangeinterpolation.

Fromthegeometryof Figure4.2 theinterpolationformulawithin this sub-interval is

� F � ��	 � � F &ba �a � � �dce�JFf	� � F & � FgK * c � F�JFLK * ch�JF � �ich�JFf	 (4.3)

Notethatthis linearinterpolationformulacanberearrangedto give

� F � ��	 � �dch�JFgK *�JFjc$�JFLK * � F & �ice�JF�JFgK * c$�JF � FLK * (4.4)

thatis theinterpolationformulaconsistsof asumof onepolynomialperdatapointwithin thesub-

interval. Eachdatapoint polynomialhenceservesto weight theoverall interpolatingpolynomial

in termsof thedatafunctionvaluesat theindividualdatapoints.

4.2.2 Quadratic Interpolation

Considernow allowing a quadraticvariationinsidea sub-interval containingthreedatapoints.To

do this we extendthe ideaof having a weightedsumof polynomials. In this casewe have three
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polynomials(onefor eachof thedatapoints)i.e.,� F � ��	 ��kj* � ��	 � *�&)kl+ � ��	 � +m&/k \n� ��	 �]\�po�6q *sr \ k � � ��	 � � (4.5)

Note thatwith three(or more)datapointsmakingup a sub-interval we areat someliberty as

to which threedatapointsareusedto interpolateaparticularvalueof � .

To ensurethat the interpolationfunctionpassesthroughthedatapointsthe k � � ��	 polynomial

needsto beequalto ' at � � ��� andbeequalto � at all theotherdatapointsi.e., � � �JF , tu�� � .
This is shown graphicallyin Figure4.3.v +xwzy|{ v \ wzy|{}
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FIGURE 4.3: ThethreequadraticLagrangepolynomials.Notethat
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FromFigure4.3thesequadraticpolynomialsarehence

kj* � ��	 � � �ice� + 	 � �dch� \ 	� � * ce� + 	 � � * c$� \ 	kl+ � ��	 � � �ice� * 	 � �dch� \ 	� � + ce� * 	 � � + c$� \ 	k \m� ��	 � � �ice� * 	 � �dch� + 	� � \ ce� * 	 � � \ c$� + 	
(4.6)

As an exampleconsidera quadraticLagrangeinterpolationbetweenthe points: � '��G� 	 , ��� ��' 	
and ��� �[� 	 .
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Theinterpolationformulafor this exampleis hence

��� ��	 � � �dc � 	 � �dc � 	� ' c � 	 � ' c � 	 ����& � �ic ' 	 � �ic � 	��� c ' 	 �
� c � 	 ��'�& � �dc ' 	 � �dc � 	�
� c ' 	 ��� c � 	 ���� �� � �ic � 	 � ��c � 	nc '� � �dc ' 	 � �ic � 	 & �� � �dc ' 	 � ��c � 	� � � � + c ' � � & � '�� (4.7)

To checkthis formulawecanevaluateit at oneof thedatapointsi.e.,

��� ' 	 � �� � ' c � 	 � ' c � 	nc '� � ' c ' 	 � ' c � 	 & �� � ' c ' 	 � ' c � 	����&)��&)����� (4.8)

To usethis formulaconsiderfinding thevalueof ��� � 	 i.e.,

��� � 	 � �� � � c � 	 � � c � 	nc '� � � c ' 	 � � c � 	 & �� � � c ' 	 � � c � 	� �� � c ' c '� � � & �� � ���� (4.9)

4.2.3 General Form

In generala � th orderLagrangianinterpolationinvolves � &9' datapointsandhencetheinterpo-

lation formula

��� ��	 �%� K *o ��q * k � � ��	 � � (4.10)

wheretheLagrangepolynomials,k � � ��	 , aregivenby

k � � ��	 � �Fgq *sr � K *s� F��q��
�dce�JF��� ce�JF � �����' if � � ���� if � � �JF��st��� � (4.11)

For exampleconsider� � �
(cubicinterpolation).In this casetheinterpolationformulais

��� ��	 ��k * � ��	 � *�&)kl+ � ��	 � +m&/k \n� ��	 �]\ &)k Z � ��	 � Z (4.12)
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andtheLagrangianpolynomialsare

k * � ��	 � �ice� +� * ch� + �dch� \� * ce� \ ��ch��Z� * ch��Zk¡+ � ��	 � �ice� *� + ch� * �dch� \� + ce� \ ��ch��Z� + ch��Zk \n� ��	 � �ice� *� \ ch� * �dch� +� \ ce� * ��ch��Z� \ ch��Zk Z � ��	 � �ice� *��Zjch� * �dch� +� + ce��Z ��ch� \��Z�ch� \
(4.13)

Thereis oneproblemwith Lagrangianinterpolationin that the derivative of the interpolated

functionis not continuousacrossLagrangesub-interval boundaries.This is shown in Figure4.4.
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FIGURE 4.4: Discontinuityin theslopeof theinterpolatingfunctionacrossaLagrange

sub-interval boundary.

4.3 Cubic Splines

In orderto overcomethediscontinuityin theslopeof the interpolatingfunctionwith Lagrangian

interpolationcubic splines areused.Splinebasedinterpolationbreakstherangeof theinterpolation

into � sub-intervalsof the form EGF �¬H �JF � �JFLK *�M . Cubic polynomialsarethenusedto interpolate

theunknown functionwithin eachsub-interval. Thesepolynomialsarechosensothat theoverall

interpolatingfunctionis continuousand thattheoverall interpolatingfunctionhascontinuousfirst

andsecondderivatives.

To calculatethe cubic splineinterpolationpolynomialconsidera cubic polynomial ­®F � ��	 on
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thesub-interval EGF of theform

­,F � ��	 ��( � &)(�* � ��ch�JF�	 &/(,+ � �ice�JFf	 + &)( \m� ��ch�JFf	 \ (4.14)

Now the cubic spline polynomial must agreewith the datavaluesat the end points of this

interval i.e.,

­®F � �JFf	 � � F and ­,F � �JFgK * 	 � � FgK * (4.15)

and,asthesplinehasa definedfirst derivative,wecanalsowrite

­|¯F � �JF�	 ��° F and ­�¯F � �JFgK * 	 �±° FLK * (4.16)

where ° F is thevalueof thefirst derivativeof theunknown functionat thepoint �JF . Therearetwo

casesto consider. Thefirst caseis when ° � and ° � aregivenvalues.Thesecondcaseis where ° �
and ° � areunknown. For thefirst casethevaluesof thederivativesof theunknown functionat the� c ' internalpoints( °�*`���������[° �¡² * ) henceneedto bedetermined.

To determinethe unknown ° F valueswe substituteEquations(4.15) and (4.16) into Equa-

tion (4.14)to give thesystemof equations122222
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where ¸¹F � '�JFgK * c$�JF .

Thesolutionto Equation(4.17)is

( � � � F(�*¡��° F(,+ � � ¸ +F �
� FgK * c � F`	ncu¸¹F � ° FgK *�& � ° F`	( \ � � ¸ \F �
� F0c � FgK * 	 & ¸ +F � ° FLK * c ° F`	
(4.18)

Thusfrom Equation(4.18)thecubicsplineis determinedoncethe ° F ’s havebeendetermined.

To find thesevaluesconsiderdifferentiatingEquation(4.14)twice andevaluatingit at � � �JF to



4
:

.3 CUBIC SPLINES 32

give

­ ¯ ¯F � �JFf	 � c � ¸ +F � F & � ¸ +F � FLK * c � ¸¹F ° Fjc � ¸¹F ° FgK * (4.19)

andevaluatingit againat � � �JFgK * to give

­�¯º¯F � �JFgK * 	 � � ¸ +F � F0c � ¸ +F � FLK *�& � ¸¹F ° F & � ¸¹F ° FgK * (4.20)

Now, by definition, the cubic spline hasa continuoussecondderivative at eachof the t �'������������ c ' internalpoints.Thisgivestheconditions

­|¯º¯F�² * � �JF�	 � ­|¯ ¯F � �JFf	 t �»'������������ c ' (4.21)

HenceequatingEquation(4.19)andEquation(4.20)with t replacedby t¼c ' yields � c '
equationsof theform

¸¹F[² *½° F[² *�& �¾� ¸gF�² * cu¸¹F`	 ° F & ¸¹F ° FgK *¿� �¼À ¸ +F�² * �
� F�c � F�² * 	 & ¸ +F �
� FgK * c � F`	½Á (4.22)

for t �»'������������ c ' . Solutionof Equation(4.22)yieldstheunknown valuesof °�*[�������Â��° �l² * .
For thespecialcaseof equallyspaceddatapointsi.e., ��� � � *�� ��� &)Ã��������Â� ��Ä � ��� &/ÅÂÃ we

have ¸¹F � '�JFLK * ch�JF � 'Ã andsoEquation(4.22)becomes

° F�² *Â& � ° F &)° FgK *¿�
�
Ã ��� FgK * c � F[² * 	 (4.23)

for t �»'������������ c ' .
Henceoncetheunknown valuesof the ° F ’s areknown Equation(4.18)canbeusedto defined

thesplinecoefficientswhich canthenbeusedin Equation(4.14)to definetheinterpolatingcubic

splinein thesub-interval EGF .
For the secondcaseof a cubic splinein which ° � and ° � areunknown we canstill definea

cubic splineby fixing the valueof the secondderivative of the interpolatingpolynomial to zero

at thepoints ��� and � � i.e., ­ ¯ ¯� � ���`	 �Æ� and ­ ¯ ¯�l² * � � �j	 �
� . Suchsplinesareknown asnatural

cubic splines. For naturalcubicsplinestheunknown ° � and ° � valuescanbefoundby addingtwo

extra equationsto Equation(4.22). Theseequationsarefoundby settingEquation(4.19) to zero

for t ��� andEquation(4.20)to zerofor t ��� c ' to give

� ¸[� ° � & � ¸[� °�*¡� c � ¸ +� � � & � ¸ +� � * (4.24)



4
:

.3 CUBIC SPLINES 33

and

� ¸`�¡² *g° �l² *Â& � ¸`�¡² *L° � � � ¸ + �¡² * � �¡² *�& � ¸ +� � * (4.25)


