
Chapter 5

Numerical Integration Methods

5.1 One-dimensional Integration

Considertheintegral
��� �������
	���
�����
 .

Many methodscanbeproposedto approximatelyevaluatethis integral. Mostof thesemethods

arebasedon the ideathat thevalueof an integral correspondsto theareaunderthegraphof the

integrand. Thesemethodsbreakthe function up into a numberof small stepsandapproximate

theareaunderthegraphin eachcase.Commonexamplesinclude: theRectangularMethod,the

TrapezoidalMethodandSimpson’sMethod.

5.1.1 Rectangular Method

This methodapproximatesthefunctionasa piecewiseconstantover eachsmallstep.This means

thateachsmallregionwill bearectangleandtheintegralcanbeapproximatedasthesumof these

rectangles. ����� ��	���
�����
�����
���	���� 	"!#�%$�$&$'� 	)(*� (5.1)

where + is the numberof piecewise regions, ��
 � 
,!.-/
��+ and 0 ( is the function valueat the

startof the + th step. Note that: (i) theapproximationof the rectangularmethodis similar to that

employedby Euler’smethodfor solvingODEs;(ii) although��
 is shown hereto beidenticalover

theentireintegrationrange,in practiceit canvary if necessary.
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52 .2 GAUSSIAN QUADRATURE 35

5.1.2 Trapezoidal Method

This methodapproximatesthe functionasa piecewise linear functionover eachsmall step.This

meansthateachsmall region will bea trapezoidandtheintegral canbeapproximatedasthesum

of thesetrapezoids. ������� 	3�4
����5
6����
87�9: 	*;<� 	=��� 	"!#�%$�$�$>� 	)("?@���A9: 	)("B (5.2)

where ��
 � 
,!C-/
��+ .

5.1.3 Simpson’s Method

Thismethodapproximatesthefunctionasapiecewiseparabolicfunctionovereachsmallstep.�������
	���
�����
�� ��
D �E	*;<�GF"	���� : 	*!#�GF"	*H#�%$&$�$>� : 	*!I()?�!J� F*	"!I("?@��� 	"!I(5� (5.3)

where ��
 � 
,!C-/
��: + .

Althoughthesemethodsareoftenused,noneareparticularlyaccurate.Therefore,they will not

bediscussedfurther. A moreaccurateandflexible methodcalledGaussianquadraturewill now be

considered.

5.2 Gaussian Quadrature

Beforewe startdiscussingGaussianquadraturein detail we wish to standardisethe integration

process.Wecanachieve this by normalisingtheintegral.

WeintroducethevariableK suchthat K � 
L-M
��
,!.-M
�� or 
 � 
��N�O�E
,!.-M
��P� K . Usingthisdefinition

at 
 � 
�� we have K �RQ andat 
 � 
,! we have K � 9 . This implies ��
 � ��
,!.-M
��P�S� K �UT � K(where
T

is calledtheJacobianandis the function requiredto transform ��
WV � K ) and 	3�E
�� �	���
��X�Y��
,!.-M
��P� K � . Usingthis resultsallowsusto rewrite theintegral
�

in normalisedform.����� ��	3�E
��Z��
[V ��\^] ; _	3� K � T � K � ��\^] ; 0 � K �`� K where 0 � K � � 	3�E
��a�b��
,!.-/
��P� K �c��
,!.-/
��P�
(5.4)
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52 .2 GAUSSIAN QUADRATURE 36

Gaussianquadraturecanbeusedto integrateanintegral in normalisedform. Gaussianquadrature

approximatesanintegralasaweightedsumof theintegrandat anumberof specifiedpoints.�� ; 0 � K �`� Ked fg h ] ��i h 06jIK�k
hml�n �Go f (5.5)� i � 06jpKqk �

lrn � i ! 06jIK�k !
l�n �%$�$�$>� i f 06jpKqk f

l�n �Go f (5.6)

wherethesamplelocationsK k hPl arecalledGausspoints, i h arecalledGausspointweightsand o fis the error associatedwith the approximation.To implementthis methodwe needto determine

valuesfor K k hml and i h .It canbe shown that choosings Gausspointsallows a polynomialof degree
: s - 9 to be

integratedexactly ( s Gausspointshave
: s unknownsanda polynomialof order

: s - 9 has
: s

unknown coefficients). For exampleto exactly integratea cubicpolynomialof degree3 ( 0 � K � �t �Gu K �Gv K ! ��� K H ) weneedtwo gausspointsi.e.,�� ; 0 �E
��Z� K � i � 06jpK �
n � i ! 06jpK !

n
(5.7)� �� ; j t �Gu K �Gv K ! ��� K H

n � K (5.8)� t �� ; 9 � K �Gu �� ; K � K ��v �� ; K ! � K �G� �� ; K H � K (5.9)

Sinceeachconstantis arbitrary, in orderfor theentireintegral to beexactly evaluatedeachof the
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52 .3 GAUSS QUADRATURE IN TWO DIMENSIONS 37

individual integralsmustbeexactlyevaluatedby theGausspointscheme.Therefore:�� ; 9 � K � 9 � i �X� i ! since 0 � K � � 9�� ; K � K � 9: � i � K k �
l � i ! K k !

l
since 0 � K � � K�� ; K ! � K � 9D � i � K k �

l � � i ! K k !
l �

since 0 � K � � K !�� ; K H � K � 9F � i � K k �
lxw � i ! K k !

lxw
since 0 � K � � K H

(5.10)

This givesfour equationsin thefour unknowns K k � l , K k ! l . i � and i ! . Solvingfor theseunknowns

gives K k � l � 9: - 9:=y D , K k ! l � 9: � 9:=y D , i � � 9: and i ! � 9: .Similarly a fifth degreepolynomialmaybeexactly integratedusingthe3 Gausspoints K k � l �9: -R9:{z D| , K k ! l � 9: , K k H l � 9: �}9:{z D| , i � �
|
9�~ , i ! � F � and i H �

|
9>~ .As a generalcharacteristicfor this type of Gaussquadratureschemethe K k hml positionsare

symmetricabout 9: andthe i h weightsreflectthis symmetryandsumto 9 .
5.3 Gauss Quadrature in Two Dimensions

Considerthetwo-dimensionalintegral��� ������� �����N��	3�E
a�N���`�5�q��
 (5.11)

BeforewecanapplyGaussquadratureto evaluatethis integralweneedto rewrite it in normalised

form usingthevariablesK � � 
[-M
��
,!C-�
�� and K ! � ��-M�=��"!.-/��� . ThiscanbeachievedusingtheJacobianT
suchthat ��� ��\ � ] ; ��\ � ] ; _	�� K ��� K !�� T � K !�� K � (5.12)
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where T��b�����e��� 
@�� K��q� �b�S���6��� � 
� K � � 
� K !� �� K � � �� K !
���� (5.13)

10

K !

K �

1

dx

��
��=� ��T � K ��� K ! � K �dy � K !
y

x

FIGURE 5.1:

To approximatethe surfaceintegral in normalisedcoordinates,one-dimensionalquadrature

schemescanbeusedin eachdirection(this formulausesthenotation 0 � K ��� K !�� � _	�� K ��� K !N� T ).�� ; �� ; 0 � K ��� K !���� K !�� K � d �� ;
� fg h ] ��i h 0���K ��� K k

hml! � ��o fc¡ � K � (5.14)d ¢g £ ] � fg h ] � i h i £ 0 � K k
£ l� � K k hml!�� �Go f ¢ (5.15)

where s Gausspointsareusedin the K ! direction(atpositionsK k hml! with weightsi h ) and ¤ Gauss

pointsareusedin the K � direction(atpositionsK k £ l� with weightsi £ ). Theerrorterm o f ¢ depends

on thechoiceof quadratureschemesin the K � and K ! directionsseparately(differentschemescan

beusedin eitherdirection).

For example,for a2x2Gaussianquadratureschemewehave:
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GaussPoint K � K ! Weight
1 �! - �!^¥ H �! - �!^¥ H j �! n j �! n � �¦2 �! � �!^¥ H �! - �!^¥ H j �! n j �! n � �¦3 �! - �!^¥ H �! � �!^¥ H j �! n j �! n � �¦4 �! � �!^¥ H �! � �!^¥ H j �! n j �! n � �¦

5.3.1 Examples

1. Analytic Direct Evaluation ��� � �?�! � H� 
,� ��
��5�� � �?�! � 9: 
 ! � � H � �=�� � � : - 9: � � �?�! � �5�� F � 9: � ! � �?�!� -¨§
2. Analytic Evaluationin NormalisedForm��� � �?�! � H� 
,� ��
��5�

Transformationfrom �E
a�N���©V � K ��� K !�� :K � � 
[- 9D - 9 K ! � ��� :9 � :ª 
 � : K ��� 9 ª � � D K !{- :
Notethatin general: 
 � 0 � K ��� K !�� and � � 	c� K ��� K !��
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Jacobianfor thetransformationfrom ��
��=��V T � K ��� K ! :T��U«««««««
� 
� K � � 
� K !� �� K � � �� K ! «««««««� ««««« : QQ D «««««� §

Transformedlimits of integration:

upperlimit on x: 
 � D V K � � 9lower limit on x: 
 � 9 V K � �bQupperlimit on y: 
 � 9 V K ! � 9lower limit on y: 
 � - : V K ! �bQ
Theintegral in normalisedform:��� � �; � �; 
#� K ��� K !����c� K ��� K !�� T � K ��� K !� � �; � �; � : K �X� 9 �&� D K !{- : �m§�� K �^� K !� § � �; � § : K � ! K !<� D K � K !C- F : K � ! - : K � � �; � K !� § � �;­¬ § K !{-MF"®'� K !� -¨§ (4WR)

3. ApproximateEvaluationusingGaussianQuadrature

(a) OneGaussPoint ¯ � � 7�9: ��9: B i � � 9
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52 .3 GAUSS QUADRATURE IN TWO DIMENSIONS 41��� § � �; � �; � : K ��� 9 �&� D K !{- : ��� K ��� K !d § i ��� : K � � � 9 �&� D K � ! - : �� §�° 9 ° : ° - 9:� -¨§ (4WR)

(b) Four GaussPoints ¯ � � � Q $ : 9�9 D � Q $ : 9�9 D � i � �%Q $ : |¯
! � � Q $²± ~�~ ±q� Q $ : 9�9 D � i ! �%Q $ : |¯ H � � Q $ : 9�9 D � Q $²± ~�~ ±*� i H �%Q $ : |¯ ¦ � � Q $²± ~�~ ±q� Q $²± ~�~ ±*� i ¦ �%Q $ : |��� § � �; � �; � : K ��� 9 ��� D K !.- : �m� K �^� K !d §�� Q $ : | ° 9 $³F :�: §�°�- 9 $ D §�§ 9 � Q $ : | ° : $ | ±�±"F�°M- 9 $ D §�§ 9 �Q $ : | ° 9 $´F :*: §�° Q $ D §�§ 9 � Q $ : | ° : $ | ±�±"F�° Q $ D §�§ 9 �� -�§ (4WR)
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