Chapter 3
Ordinary Differential Equations

Many engineeringproblemsrequirethe solution of ordinary differential equations(ODES). In
somecasegheseODEscanbe solved analyticallyto provide an exactsolution. However it will
oftenbethe casethatananalyticsolutioncannotbe found (For example,considertheinitial value
problemg—i = (14 zy)*,y (0) = 1. Thisequationis non-separablandnonlinearwhich malesit
difficult to solve). An approximatesolutioncanstill be generatedisinga numericalmethod.

In this chapterwe will look it somenumericalmethodsthat canbe usedto solve ODEs. In
particularwe will consideffirst-orderODEsof theform Z—Z = f(z,y). HigherorderODEscanbe
written asa systenof first-orderODEssothis approacttanbeappliedto almostany ODE. In this
chaptemwe will restrictour interestto initial valueproblems.e., casesvhereinformationabouty
(andits derivativesfor higherorderproblems)s known at somestartingreferencepoint z°.

The numericalmethodswe will considerareall “step-by-step”’methods.This meanghatwe
will startfrom the known solutiony? at 2° andproceedstepwise.In thefirst stepwe take a step
of lengthh andestimatea solutiony! atz! = z° + h. In the secondstepwe usethevaluey! asa
pseudo-initiavalueto estimatea solutiony? atz? = ! + h = 2° + 2h. Proceedingn this manner

we will beableto constructanapproximatesolutionfor y over a specifiedrangeof z.

3.1 Euler’'sMethod

3.1.1 Derivation

This methodcanbe usedto solve first-orderODEs of the form &y = f (x,y) with initial value

y (z°) =9°. o

All themethodsvewill considetin thischapteuseaseriesof approximationso thedervatives
in aTaylor's expansiornover afinite region. Eachof thesemethodsnatcheghe Taylor's expansion
to someorder Theomissionof higherorderTaylor’'s seriesermsin the approximatiormeanghat
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eachmethodwill have anassociatedruncation error. The Euler methodis the simplestof these
methodsin thatit only approximateghe first derivative of the function andthis is simply done
usingafirst-orderfinite differenceapproximatiorto the slope.

FIGURE 3.1: Stepsn Euler's method.

Thefinite differenceapproximatiorto thedervativeis:

dy Ay yk—i—l _ yk -
z 7 - 3.1
This canberearrangedo give
Y=y hf (2, y") (3.2)

3.1.2 Implementation

For exampleconsiderthe equatlond—y =(1+ xy)2 with 3 (0) = 1. Solving this equationusing
X

Euler's methodwith steplengthh = 0.1 gives:

HEIN 2 ’“)=(1+$ L g =yrtnf(ahy)
0T 0 1 A+ T+ 01=11
101 11 1+ (0.1)(1.1)? = 1.2321 1.1+ (0.1)(1.2321) = 1.22321
2 0.2 [ 1.22321 | (1 + (0.2)(1.22321))? = 1.5491 | 1.22321 + (0.1)(1.5491) = 1.3781
3103 1.3781 | (1+(0.3)(1.3781))2 = 1.9978 | 1.3781 + (0.1)(1.9978) = 1.5779
4104 1.5779 etc.
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3.1.3 Error Estimation

If y (z° + h) istheexactvalueat z® + h then,by Taylor’s series:

y (2 +h) =y (2°) + hy' (2°) + h—;y” («°) +...
(3.3)

2
=y () +hf (%) + Sy () +

= Euler'sMethodestimatet O (h?)

Thereforethe errorin onestepis O (h?) which meansthe truncationerror involvestermswhich

areproportionalto 2 or higherpowers.
2 2

. . h
If we halve the steplengththenthe error per stepis proportionalto 5] =7 but to get

to the samepoint we mustdo twice as mary stepswhich meansthe error at the final point is
h? h? : - .
E o 2 7= 5 Thereforeby halving the steplengthwe halve the error Similarly if we

doublethe steplengthwe doubletheerror. Theerrorfor Euler's methodis proportionalto the step
length. For this reasonEuler’'s methodis termeda first-ordermethod. In generalif a methodis
saidto ben-th orderit will have atruncationerrorof O (h™*1),

3.1.4 Stability

TheEulermethodis only afirst-orderaccuratenethod.Thereforen practiceit is generallyneces-
saryto usesmall steplengthsto achieve stableandaccuratesolutions.For example,considerthe
equationy’ = ay. Thesolutionto this equationis y = e** which will be a decayingexponential
for a < 0. Applying the Eulermethodto this equationgives:

(1+ ha)y°
(1+ha)y' = (14 ha)®y° (3.4)
(14 ha)*y°

yl
y2
yk

Thereforeif |1 + ha| > 1 theny* will increasen value.Butif a < 0 wewanty* to decreaseThis

. . . 2

impliesthat(for « < 0) werequire—1 < 1+ha <1 — 1+ha > -1 — ha > -2 — h < ——.
a

Thereforethe stability criterion for the Euler methodto give stablesolutionsfor this problemis

h<——.
a
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3.2 Thelmproved Euler Method

3.2.1 Derivation

Euler's methodusesthe slope(i.e., thevalueof ') aty* to predicty**!. If the slopeis changing
significantlyoverthesteplengththenEulersmethodwill giveaninaccuratesolution.An improved
methodcanbedevisedby averagingthe slopesaty* andy**!.

Y
A

x0 2+ h

FIGURE 3.2: Eulerpredictionfor theimproved Eulermethod

ConsiderFigure3.2. At A theslopeis givenby i’ = f (2°,4°). At B theslopecanbeestimated
asy’ = f (z° + h,y®) whereusinganEulerestimationy® = y° + hf (2°,y°).

Now insteadof usingjusttheslopeat A to obtainy**! we canimprove the Eulerpredictionby
usingthe averageslopefrom A andB asshown in Figure3.3.

Y

i ImprovedEuler

estimate

Averageslope
from A andB

- —. Eulerprediction

» 1

20 20+ h

FIGURE 3.3: Improved Eulerestimateusingthe averageslopeat the currentpointandthe Euler
predictedpoint.
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Hencefor theimprovedEulermethod

y' = y° + h x averageslope

o b 0,0 0 B (35)
=y'+ 5 [ (@%9") + 1 (@ +Dy”)]
Thelmproved EulerMethodusesthis approactto approximatehe solutionaty**! as:
P =g D1 (R 0) + F (@ ()] (3.6)

2

The Improved Euler Methodis an exampleof a predictorcorrectormethod. In this first stepthe
valueyp is predictedusingan Euler step. This allows extra slopeinformationto be determined
which canbe usedto make a correctedestimateof y*+1.

The Improved Euler Methodis a second-ordemethodi.e., truncationerror ~ O (h*). The
Improved Euler Methodis more computationallyexpensve than Euler’'s Methodbut it provides
moreaccuratesolutions.

3.2.2 Implementation

For exampleconsiderthe equatlond—y =(1+ 3cy)2 with 3 (0) = 1. Solving this equationusing
X
thelmprovedEuler Methodwith steplengthh = 0.1 gives:
‘ k ‘ xk ‘ yk ‘ flc ‘ y?—l ‘ §+1 ‘ yk+1 ‘
0.1

0| 0 1 1 1.1 | (140.1(1.1))2=1.2321 | 1+ 7(1 +1.2321) = 1.1116
1]0.1]1.1116 | 1.2347 | 1.2351 1.5551 1.2511
2 10.2] 1.2511 etc.

where /£ = (1+ o) g = 4+ Bk 5 = (1) and et = 4
h
5 (f*+ fEF).



