Chapter 5

Numerical Integration Methods

5.1 One-dimensional Integration

T2

Considettheintegral I = / g (z) dz.

Many methods:anbegsroposedo approximatelyevaluatethisintegral. Most of thesemethods
arebasedon the ideathatthe value of anintegral correspondso the areaunderthe graphof the
integrand. Thesemethodsbreakthe function up into a numberof small stepsand approximate
the areaunderthe graphin eachcase.Commonexamplesinclude: the RectangulaMethod,the
TrapezoidaMethodandSimpsons Method.

5.1.1 Rectangular Method

This methodapproximateshe function asa piecavise constanover eachsmall step. This means
thateachsmallregionwill bearectangleandtheintegral canbeapproximatedsthe sumof these
rectangles.

T2

/g(x)dszSE(gl+gz+...+gn) (5.1)

1

277 and fn is the function value at the

wheren is the numberof piecavise regions, Az =
startof the n" step. Note that: (i) the approximationof ?he rectangulamethodis similar to that
employedby Euler'smethodfor solving ODEs;(ii) althoughAzx is shovn hereto beidenticalover
theentireintegrationrange,in practiceit canvary if necessary
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5.1.2 Trapezoidal Method

This methodapproximateshe function asa piecevise linear function over eachsmall step. This
meanghateachsmallregion will be atrapezoidandthe integral canbe approximatedasthe sum
of thesetrapezoids.

T2

1 1
/ g(z) de =~ Ax (590+91+92+---+9n—1+§gn> (5.2)

Z1

To — 1
whereAz = )
n

5.1.3 Simpson’sMethod

This methodapproximateshe functionasa pieceavise parabolicfunction over eachsmall step.

z2

Az
/ g(z) dr~ 3 (9o + 491+ 292 + 495 + ... + 29202 + 492n—1 + Gon) (5.3)

Z1

To — X
whereAz = =2 !

n
AlthoughthesemethodsareoftenusednoneareparticularlyaccurateThereforethey will not
bediscussedurther A moreaccurateandflexible methodcalledGaussiamuadraturavill now be
considered.

5.2 Gaussian Quadrature

Before we startdiscussingGaussiamuadraturan detail we wish to standardisehe integration
processWe canachieve this by normalisingthe integral.

Weintroducethevariable¢ suchthaté = Y7 g = x1+ (29 — x1) €. Usingthisdefinition
atr = z;y wehave{ = 0 andatz = xo weﬁ%ve?: 1. Thisimpliesdzx = (o — 1) d€ = Jd§
(whereJ is calledthe Jacobiarandis the function requiredto transformdz — d¢) andg (z) =
g (z1 + (z2 — z1) £). Usingthis resultsallows usto rewrite theintegral I in normalisedorm.

/g(x) dx—>/§(€)Jd§=/f(£) de where f(€) =g (z1 + (22 — 1) €) (22 — 1)
¢=0 é=0

1

(5.4)
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Gaussiamuadrature&eanbe usedto integrateanintegralin normalisedorm. Gaussiargquadrature
approximatesnintegral asaweightedsumof theintegrandat a numberof specifiedpoints.

1 G
[ 1O dem Y uyf (€9) + Eo (5.5)

0 g9=1
= wif (§W) +wof (€@) + ...+ wef (€9) + Eg (5.6)

wherethesampldocationst (@ arecalledGaussoints,w, arecalledGausgointweightsand £
is the error associateavith the approximation.To implementthis methodwe needto determine
valuesfor £ andw,.

It canbe shavn that choosingG' Gausspointsallows a polynomial of degree2G — 1 to be
integratedexactly (G Gausspointshave 2G' unknavnsanda polynomialof order2G — 1 has2@G
unknown coeficients). For exampleto exactly integratea cubic polynomialof degree3 (f () =
a + b€ + c£2? + d€?) we needtwo gausspointsi.e.,

1
/ f (@) de = wnf () + waf (€) (5.7)
" 1
- / (o + b€ + & + de?) de (58)
’ 1 1 1 1
=a | 1dé+b | €dé+c | 2dE+d | de (5.9)
[rices[eie [ @aca |

Sinceeachconstanis arbitrary in orderfor the entireintegral to be exactly evaluatedeachof the
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individual integralsmustbe exactly evaluatedby the GausgpointschemeTherefore:

1
/1d§:1:w1+w2 sincef (&) =1
0
/ £dé = % =w W +wé®  sincef (§) =¢
0 (5.10)

1
/ £ = 3 =w +unt®  sincef () = &

1
/ & de = i = wif +wt® sincef (6) = ¢°
0

This givesfour equationsn the four unknovns£®, @), w,; andw,. Solvingfor theseunknovns
R D R T 1
givest® == — — ¢@ = =5t oA = = andws, = —

2 23 2[ 2

Similarly afifth dagjreepolynomlalmay be exactly integratedusingthe 3 Gausspointsé(H) =

15} 4 15}
- _ S (3)—_
\/75 f + = \/771)1 T} Wy = 9andw3 TS

As a generalcharacterlstldor this type of Gaussquadratureschemethe £ positionsare
. 1 . .
symmetrlcabouti andthew, weightsreflectthis symmetryandsumto 1.

5.3 GaussQuadraturein Two Dimensions

Considerthetwo-dimensionaintegral

1= 7272 g (z,y) dydz (5.11)

z1 Y1

Beforewe canapply Gausgjuadratureéo evaluatethis integral we needto rewrite it in normalised

form usingthevariablest; = P xll andé, = 52__311 This canbeachiezedusingthe Jacobian
J suchthat
1 1
I'= / / 9 (&1,62) J d€adés (5.12)

é1=0&=0
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where
oxr Ox
Oz; 9 9%
06 0&
y &
1
dxdy = Jd& dés
d&s
d&;
0 1 £

FIGURE 5.1:

To approximatethe surfaceintegral in normalisedcoordinatesone-dimensionafjuadrature
schemesanbeusedin eachdirection(this formulauseshenotationf (&1, &) = g (&1, &) J).

1 1 1
] tee) daaa ~ / (fngf (6.6 +EG> dé, (5.14)
0 0 =1

3 s (67,6 + Egn (5.15)

h=1 g=1

whereG Gausgointsareusedin the&, direction(at positionsgz(,g) with weightsw,) and H Gauss

pointsareusedin the&; direction(atpositionsﬁh) with weightsw;,). Theerrorterm Egy depends

on the choiceof quadratureschemesn the &; andé, directionsseparatelydifferentschemegan

beusedin eitherdirection).
For example for a 2x2 Gaussiamuadratureschemewe have:
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GaussPoint & & Weight
1 T T T TR =1
2 23 | 2 2V3 2/ \2 4
2 Ly () (L) =1
2 23 | 2 2v3 2/ \2 4
3 Lo Ll L) (L) =1
Al B AR AN
4 stas lstag | (6)(G) =3
5.3.1 Examples
1. Analytic Direct Evaluation
1 3
1 :/ / zy dzxdy
—2J1
1 3
1, ]
= STyl dy
[l
9 1] [
=|=-—= d
i3l [y o
1 1
Al
2 -2
= —6
2. Analytic Evaluationin NormalisedForm
1 3
1 :/ / zy dxdy
—2J1
Transformatiorfrom (z, y) — (&1, &):
z—1 y+2
=37 &=173
=>zr=2+1 =y=23—2

Notethatin general:

T = f(£1,6) and y = 9(£1,6)
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40

Jacobiarfor thetransformatiorfrom dxdy — Jd&;dés:

or Ox

_|oe 28
1=1% %

o6 05
2 0
0 3

=6

Transformedimits of integration:

upperlimitonx: z =3 —- & =1
lowerlimitonx: z=1—& =0
upperlimitony: z =1 — & =1

lowerlimitony: z = -2 — & =0

Theintegralin normalisedorm:

1 1
I /0 /O (6, &)y (60, &) TdELdEs

1 1
_ / / (26, + 1)(36, — 2)6dé,1de;
0 0
1

1
= 6/0 [251252 + 36 — %&2 — 2§ . d&,

1
—6 [ lo61 4l
——6 (AWR)

3. ApproximateEvaluationusingGaussiarQuadrature

(a) OneGausgPoint
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= 6/ / (28 + 1)(3& — 2)d&1dEs

~ 6w (26, +1)(3&4 — 2)
=6X1X2xX —
X X X 5

=6  (4WR)

(b) Four GaussPoints

& =(0.2113,0.2113)  w; =0.25
&, = (0.7887,0.2113)  w, = 0.25
§3 = (0.2113,0.7887)  w; = 0.25

= (0.7887,0.7887)  wy = 0.25

1 1
[=6 /0 /0 (26, + 1)(36, — 2)dé1dE;

~ 6(0.25 x 1.4226 x —1.3661 + 0.25 x 2.5774 x —1.3661 +
0.25 x 1.4226 x 0.3661 + 0.25 x 2.5774 x 0.3661)
=—6 (4WR)
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